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Proteins display generic properties that are challenging to explain by direct selection, notably
allostery, the capacity to be regulated through long-range effects, and evolvability, the capacity
to adapt to new selective pressures. An evolutionary scenario is proposed where proteins acquire
these two features indirectly as a by-product of their selection for a more fundamental property,
exquisite discrimination, the capacity to bind discriminatively very similar ligands. Achieving this
task is shown to typically require proteins to undergo a conformational change. We argue that
physical and evolutionary constraints impel this change to be controlled by a group of sites extending
from the binding site. Proteins can thus acquire a latent potential for allosteric regulation and
evolutionary adaptation because of long-range effects that initially arise as evolutionary spandrels.
This scenario accounts for the groups of conserved and coevolving residues observed in multiple
sequence alignments. However, we propose that most pairs of coevolving and contacting residues
inferred from such alignments have a different origin, related to thermal stability. A physical model
is presented that illustrates this evolutionary scenario and its implications. The scenario can be
implemented in experiments of protein evolution to directly test its predictions.
Proteins combine a capacity to perform exquisite tasks
such as specific binding and catalysis with a capacity
to adapt, both on physiological time scales through al-
lostery and on evolutionary time scales through muta-
tions. What principles underly this duality? How does it
originate in the course of evolution? For proteins folding
into a stable structure, a few generic properties constrain
the explanations that we may provide. One is the ubiq-
uity of long-range effects experimentally observed in all
studied proteins: perturbations at a distance from the
active site, whether in the form of mutations or of bind-
ing to another molecule, can affect significantly protein
function [1–3]. Another is the coexistence of two types of
patterns of coevolution revealed by statistical analyses of
alignments of protein sequences: structurally connected
groups of conserved and coevolving residues called sec-
tors [4, 5], and structurally contacting pairs of residues
distributed across the structure [6]. Finally, another fea-
ture reported to be essential to protein machineries is
their capacity to undergo conformational changes [7].
Here, we propose that a key to understand the link be-
tween high-performance and adaptability in proteins is to
understand the physical and evolutionary implications of
one of their most fundamental requirements: discrimi-
native binding. Discriminative binding, the capacity to
bind to a particular ligand but not to other similar ones,
is central to the function of many if not most proteins,
from signaling proteins that respond to particular inputs
and avoid cross-talk [8] to enzymes that bind to the tran-
sition state of a reaction but release its product [7], tran-
scription factors that recognize specific promoters among
a profusion of similar motifs [9], or antibodies that are
highly specific to particular antigens [10].
As binding takes place at a particular location on a
protein surface, it is not a priori expected to be sensitive
to distant perturbations, whether in the form of muta-
tions or interactions with other molecules. But achieving
exquisite discrimination imposes particular constraints.
Physically, we shall show how it typically involves a con-
formation change, or even a switch between two states
that pre-exist any interaction with a ligand. Evolutionar-
ily, only few sequences can achieve discrimination which
is shown to require a finely tuned binding site. This
tuning is generally difficult to accomplish based only on
the few amino acids directly interacting with the ligand.
Additional tuning knobs are effectively provided by sites
coupled to the binding site. Since only few residues in-
teract directly with it, this generally implies recruiting
distant sites. In this scenario, binding specificity is thus
controlled through a conformational change by a group of
sites extending beyond the binding site. This sensitivity
of a functional phenotype to multiple and possibly dis-
tant sites endow proteins with a latent capacity to evolve
allosteric regulation and adapt to new selective pressures.
When integrating an additional constraint, thermal sta-
bility, we shall show that it also accounts for the differ-
ent patterns of intra-protein coevolution that multiple
sequence alignments of natural proteins report.
We demonstrate this evolutionary scenario by means of
simple physical models. These models are not meant to
describe any particular protein but to capture the main
constraints relevant to a discussion of long-range effects
within stable protein folds: the fact that physical inter-
actions are short-range. We analyze a variety of such
physical models to ensure that our conclusions do not
depend on the nature of the interactions: in all cases, we
find that the physical implications of exquisite discrim-
ination is a finely-tuned conformational switch between
the ligand-free and the ligand-bound states. To examine
the additional implications of evolutionary constraints,
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2we then focus on one of the simplest models, a spin model
where each site can be in just two states. This model can
for instance be interpreted as describing side-chain fluc-
tuations between a few discrete rotameric states in the
context of a rigid backbone, one of the basic mechanisms
by which long-range effects arise in proteins [11]. We
show that the evolutionary constraints cause with high
probability a large part of the system to be involved in the
discrimination. Sensitivity to perturbations distant from
the active site thus arise as a by-product of a selection
for discrimination, i.e., as an evolutionary spandrel [12].
This side effect is shown to favor adaptation to new se-
lective pressures when considering perturbations caused
by mutations, and to enable the evolution of allostery
when considering perturbations caused by interactions
with other molecules. It is also shown to cause a generic
coevolution pattern found in protein sequences, the ex-
tended groups of conserved and coevolving amino acids
called sectors [5]. Another coevolution pattern is also
generically found in protein sequences, which consists
in isolated pairs of contacting amino acids distributed
across the structure [6]. This pattern is shown to be
captured by the model when introducing a constraint on
thermal stability. The model thus provides an explana-
tion for conformational switches, the origin of allostery,
evolvability and the different patterns of coevolution ob-
served in multiple sequence alignments as a consequence
of only two selective constraints: discriminative binding
and thermal stability. While it does not exclude other
evolutionary scenarios that may lead to the same or dif-
ferent physical effects, it describes an interplay between
evolutionary and physical constraints that is consistent
with observations in many proteins and directly testable
in experiments of protein evolution.
I. FROM DISCRIMINATIVE BINDING TO
CONFORMATIONAL CHANGES
Formally, protein evolution involves three types of
variables: (i) physical degrees of freedom x describ-
ing the conformation of the molecule, (ii) evolutionary
degrees of freedom a defined by the protein sequence,
and (iii) environmental degrees of freedom ` defined by
the surrounding medium, here restricted to either the
solvent or a ligand interacting at a particular binding
site. These three variables are linked in a potential
U(x, a, `) that dictates through Boltzmann’s law how
the different physical conformations are sampled at ther-
mal equilibrium: the probability of conformation x is
P (x|a, `) = exp[−β(U(x, a, `)−F (a, `))], where F (a, `) =
−β−1 ln ∫ dx exp[−βU(x, a, `)] represents the free energy
of the system and β the inverse temperature.
A problem of discrimination arises when two ligands `r
and `w can potentially be substituted for the solvent `0
at the binding site, but only `r is desirable. Finding a se-
quence a that solves this problem generally involves min-
imizing ∆Fr(a) = F (a, `r)−F (a, `0), the binding free en-
ergy to the right ligand `r, while maximizing ∆Fw(a) =
F (a, `w)−F (a, `0), the binding free energy to the wrong
ligand `w. When `r and `w are similar, this may lead
to a trade-off. A precise formulation of this trade-off de-
pends on the concentrations of the two ligands as well
as on the relative cost and benefit that binding to them
entail. Here, we consider a strong form of discrimination
and impose F (a, `r) < F (a, `0) < F (a, `w). Under these
conditions, binding with `r is favorable, ∆Fr(a) < 0, but
binding with `w is unfavorable, ∆Fw(a) > 0. Different
formulations of the same trade-off can also lead to the
same conclusions (Appendix).
Satisfying F (a, `r) < F (a, `0) < F (a, `w) when `r and
`w are much more similar to each other than they are
to `0 is generally either impossible, or possible only for
a restricted set of sequences a. This is best illustrated
with a few elementary models. Consider first elastic
networks, a mechanical framework commonly used as a
coarse-grained description of proteins [13]. The simplest
conceivable elastic network is a single mass attached to
a fixed point by a spring. We assume here that it is
additionally subject to a constant force h = ` − a con-
trolled by the evolutionary and environmental degrees
of freedom a and ` (Fig. 1A). The potential is there-
fore U(x, a, `) = k(|x| − r)2/2 − (` − a)x where x is the
position of the mass along a dimension to which it is
confined, k the stiffness of the spring and r its equilib-
rium length. In this model, ` and a may take arbitrary
real values. When `0 < `w < `r, it is readily shown
that satisfying F (a, `r) < F (a, `0) < F (a, `w) requires a
to satisfy (`0 + `w)/2 < a < (`0 + `r)/2 (Fig. 1A and
Appendix). This corresponds to the mean conformation
〈x〉a,` =
∫
dxP (x|a, `)x switching from a negative to a
positive value when the solvent `0 is replaced by the lig-
and `r. Importantly, this conformational switch is re-
quired only when `w and `r are sufficiently similar: if
`w < `0 < `r, the solutions do not involve a change of
sign (Appendix).
In this first model, achieving exquisite discrimination
involves a switch between two states that are local min-
ima of the potential U(x, a, `0) (Fig. 1A). This, however,
need not be the case as seen by considering an harmonic
potential U(x, a, `) = k(x− r)2/2− (`− a)x, which also
requires a to verify (`0 +`w)/2 < a < (`0 +`r)/2 but can-
not sustain multiple states (Appendix). In this model, a
conformational change nevertheless occurs upon binding
with amplitude ∆x = |`r − `0|/k. A model with the
same phenomenology can also be constructed from two
springs (Fig. 1B). Varying one parameter in this model,
we can continuously interpolate between a one-state and
a two-state model (Fig. S1).
Exquisite discrimination can in principle be achieved
without a conformational change, by a rigid lock-and-key
mechanism, but fine-tuning the evolutionary parameters
is in any case necessary (see shape space model in Ap-
pendix). A conformational change is, however, expected
as soon as a minimal form of flexibility is present. A lim-
iting case is a spin model where x takes only two values,
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FIG. 1: Elementary models illustrating how exquisite discrim-
ination implies evolutionary fine-tuning and a conformational
change. A. Model consisting of a single particle attached to a
fixed point by a spring and subject to a constant force h. The
potential is U(x, h) = k(|x| − r)2/2− hx and the free energy
F (h) is shown as a function of h for r = 1, k = 2, β = ∞.
The state xˆ(h) of the system here is simply the minimum
of U(x, h). The constant force h is jointly controlled by the
evolutionary and environmental degrees of freedom a and `
through h = `− a. To achieve exquisite discrimination in the
form F (a, `r) < F (a, `0) < F (a, `w) the variable a must be
chosen so that F (h0 = `0−a) lies in between F (hw = `w−a)
and F (hr = `r − a). When `0 < `w < `r, this requires
0 ≤ hw < −h0 < hr. In this case, binding induces a confor-
mational switch from xˆ(h0) < 0 to xˆ(hr) > 0. B. Model with
two springs under similar evolutionary constraints. Here, the
conformational change is not a switch between two states of
U(x, h0), although it is for other values of the parameters
(Fig. S1). C. Spin model where U(x, h) = −hx, exhibing the
same phenomenology in a minimal setting where x takes only
two values ±1.
x = ±1. With U(x, a, `) = (a − `)x, the discrimination
problem takes again the same form: when `0 < `w < `r,
a must be tuned to satisfy (`0 + `w)/2 < a < (`0 + `r)/2
for the condition F (a, `r) < F (a, `0) < F (a, `w) to be
fulfilled, in which case binding induces a conformational
switch from 〈x〉a,`0 < 0 to 〈x〉a,`r > 0 (Fig. 1C and Ap-
pendix). Graphically, the conformational change is again
linked to the need for `0 and `r to be associated with dif-
ferent “branches” of the free energy (h < 0 and h > 0 for
F (h = a− `) in Fig. 1).
In summary, achieving exquisite discrimination re-
quires a flexible system to be evolutionarily tuned and
to physically change conformation upon binding. In pro-
teins, however, the evolutionary degrees of freedom are
not controlled by continuous variables but by a limited
set of twenty amino acids. At the binding site, relatively
few values of a are thus available to tune F (a, `). As
shown below, a generic solution is to enlarge the evolu-
tionary space by coupling the binding site to other sites.
Interestingly, having multiple tuning knobs not only fa-
vors adaptation to a particular selective constraint but
also to alternative constraints. Besides, if distant sites
are thus involved, they are likely to be allosteric: a per-
turbation at those sites, such as an interaction with an-
other molecule, will alter the binding properties. These
A B
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<latexit sha1_base64="1dHTm7rpZfc15C+l+gfugexKgLU=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkWom5KKYJcFN26ECvYBWkoynbZD8yIzEWp16Q+41f8S/0D/wjtjCmoRnZDkzLnn3Jl7rxf7QirHec1ZC4tLyyv51cLa+sbmVnF7pyWjNGG8ySI/SjqeK7kvQ t5UQvm8EyfcDTyft73xqY63b3giRRReqknMu4E7DMVAMFcR1Rn1RNnticNeseRUHLPseVDNQAnZakTFF1yjjwgMKQJwhFCEfbiQ9FyhCgcxcV1MiUsICRPnuEeBvCmpOClcYsf 0HdLuKmND2uuc0rgZneLTm5DTxgF5ItIlhPVptomnJrNmf8s9NTn13Sb097JcAbEKI2L/8s2U//XpWhQGqJkaBNUUG0ZXx7IsqemKvrn9pSpFGWLiNO5TPCHMjHPWZ9t4pKld 99Y18Tej1Kzes0yb4l3fkgZc/TnOedA6qlQJXxyX6rVs1HnsYR9lmucJ6jhDA00zx0c84dk6t6R1a919Sq1c5tnFt2U9fACxqZHr</latexit><latexit sha1_base64="1dHTm7rpZfc15C+l+gfugexKgLU=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkWom5KKYJcFN26ECvYBWkoynbZD8yIzEWp16Q+41f8S/0D/wjtjCmoRnZDkzLnn3Jl7rxf7QirHec1ZC4tLyyv51cLa+sbmVnF7pyWjNGG8ySI/SjqeK7kvQ t5UQvm8EyfcDTyft73xqY63b3giRRReqknMu4E7DMVAMFcR1Rn1RNnticNeseRUHLPseVDNQAnZakTFF1yjjwgMKQJwhFCEfbiQ9FyhCgcxcV1MiUsICRPnuEeBvCmpOClcYsf 0HdLuKmND2uuc0rgZneLTm5DTxgF5ItIlhPVptomnJrNmf8s9NTn13Sb097JcAbEKI2L/8s2U//XpWhQGqJkaBNUUG0ZXx7IsqemKvrn9pSpFGWLiNO5TPCHMjHPWZ9t4pKld 99Y18Tej1Kzes0yb4l3fkgZc/TnOedA6qlQJXxyX6rVs1HnsYR9lmucJ6jhDA00zx0c84dk6t6R1a919Sq1c5tnFt2U9fACxqZHr</latexit><latexit sha1_base64="1dHTm7rpZfc15C+l+gfugexKgLU=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkWom5KKYJcFN26ECvYBWkoynbZD8yIzEWp16Q+41f8S/0D/wjtjCmoRnZDkzLnn3Jl7rxf7QirHec1ZC4tLyyv51cLa+sbmVnF7pyWjNGG8ySI/SjqeK7kvQ t5UQvm8EyfcDTyft73xqY63b3giRRReqknMu4E7DMVAMFcR1Rn1RNnticNeseRUHLPseVDNQAnZakTFF1yjjwgMKQJwhFCEfbiQ9FyhCgcxcV1MiUsICRPnuEeBvCmpOClcYsf 0HdLuKmND2uuc0rgZneLTm5DTxgF5ItIlhPVptomnJrNmf8s9NTn13Sb097JcAbEKI2L/8s2U//XpWhQGqJkaBNUUG0ZXx7IsqemKvrn9pSpFGWLiNO5TPCHMjHPWZ9t4pKld 99Y18Tej1Kzes0yb4l3fkgZc/TnOedA6qlQJXxyX6rVs1HnsYR9lmucJ6jhDA00zx0c84dk6t6R1a919Sq1c5tnFt2U9fACxqZHr</latexit><latexit sha1_base64="1dHTm7rpZfc15C+l+gfugexKgLU=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkWom5KKYJcFN26ECvYBWkoynbZD8yIzEWp16Q+41f8S/0D/wjtjCmoRnZDkzLnn3Jl7rxf7QirHec1ZC4tLyyv51cLa+sbmVnF7pyWjNGG8ySI/SjqeK7kvQ t5UQvm8EyfcDTyft73xqY63b3giRRReqknMu4E7DMVAMFcR1Rn1RNnticNeseRUHLPseVDNQAnZakTFF1yjjwgMKQJwhFCEfbiQ9FyhCgcxcV1MiUsICRPnuEeBvCmpOClcYsf 0HdLuKmND2uuc0rgZneLTm5DTxgF5ItIlhPVptomnJrNmf8s9NTn13Sb097JcAbEKI2L/8s2U//XpWhQGqJkaBNUUG0ZXx7IsqemKvrn9pSpFGWLiNO5TPCHMjHPWZ9t4pKld 99Y18Tej1Kzes0yb4l3fkgZc/TnOedA6qlQJXxyX6rVs1HnsYR9lmucJ6jhDA00zx0c84dk6t6R1a919Sq1c5tnFt2U9fACxqZHr</latexit>
 i<latexit sha1_base64="CP3PJ4Le40VNmO3apzXLJiC82uU=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgxo1QwT6glZKk0zo0L2YmQq0u/QG3+l/iH+hfeGdMQS2iE5KcOfecO3Pv9dOQS+U4rwVrYXFpeaW4Wlpb39jcKm/vtGSSiYA1gyRMRMf3JAt5z JqKq5B1UsG8yA9Z2x+f6nj7hgnJk/hSTVJ2FXmjmA954CmiOj3JR5HX5/1yxak6ZtnzwM1BBflqJOUX9DBAggAZIjDEUIRDeJD0dOHCQUrcFabECULcxBnuUSJvRipGCo/YMX1 HtOvmbEx7nVMad0CnhPQKcto4IE9COkFYn2abeGYya/a33FOTU99tQn8/zxURq3BN7F++mfK/Pl2LwhA1UwOnmlLD6OqCPEtmuqJvbn+pSlGGlDiNBxQXhAPjnPXZNh5pate9 9Uz8zSg1q/dBrs3wrm9JA3Z/jnMetI6qLuGL40q9lo+6iD3s45DmeYI6ztBA08zxEU94ts4tad1ad59Sq5B7dvFtWQ8f/RaSdg==</latexit><latexit sha1_base64="CP3PJ4Le40VNmO3apzXLJiC82uU=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgxo1QwT6glZKk0zo0L2YmQq0u/QG3+l/iH+hfeGdMQS2iE5KcOfecO3Pv9dOQS+U4rwVrYXFpeaW4Wlpb39jcKm/vtGSSiYA1gyRMRMf3JAt5z JqKq5B1UsG8yA9Z2x+f6nj7hgnJk/hSTVJ2FXmjmA954CmiOj3JR5HX5/1yxak6ZtnzwM1BBflqJOUX9DBAggAZIjDEUIRDeJD0dOHCQUrcFabECULcxBnuUSJvRipGCo/YMX1 HtOvmbEx7nVMad0CnhPQKcto4IE9COkFYn2abeGYya/a33FOTU99tQn8/zxURq3BN7F++mfK/Pl2LwhA1UwOnmlLD6OqCPEtmuqJvbn+pSlGGlDiNBxQXhAPjnPXZNh5pate9 9Uz8zSg1q/dBrs3wrm9JA3Z/jnMetI6qLuGL40q9lo+6iD3s45DmeYI6ztBA08zxEU94ts4tad1ad59Sq5B7dvFtWQ8f/RaSdg==</latexit><latexit sha1_base64="CP3PJ4Le40VNmO3apzXLJiC82uU=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgxo1QwT6glZKk0zo0L2YmQq0u/QG3+l/iH+hfeGdMQS2iE5KcOfecO3Pv9dOQS+U4rwVrYXFpeaW4Wlpb39jcKm/vtGSSiYA1gyRMRMf3JAt5z JqKq5B1UsG8yA9Z2x+f6nj7hgnJk/hSTVJ2FXmjmA954CmiOj3JR5HX5/1yxak6ZtnzwM1BBflqJOUX9DBAggAZIjDEUIRDeJD0dOHCQUrcFabECULcxBnuUSJvRipGCo/YMX1 HtOvmbEx7nVMad0CnhPQKcto4IE9COkFYn2abeGYya/a33FOTU99tQn8/zxURq3BN7F++mfK/Pl2LwhA1UwOnmlLD6OqCPEtmuqJvbn+pSlGGlDiNBxQXhAPjnPXZNh5pate9 9Uz8zSg1q/dBrs3wrm9JA3Z/jnMetI6qLuGL40q9lo+6iD3s45DmeYI6ztBA08zxEU94ts4tad1ad59Sq5B7dvFtWQ8f/RaSdg==</latexit><latexit sha1_base64="CP3PJ4Le40VNmO3apzXLJiC82uU=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgxo1QwT6glZKk0zo0L2YmQq0u/QG3+l/iH+hfeGdMQS2iE5KcOfecO3Pv9dOQS+U4rwVrYXFpeaW4Wlpb39jcKm/vtGSSiYA1gyRMRMf3JAt5z JqKq5B1UsG8yA9Z2x+f6nj7hgnJk/hSTVJ2FXmjmA954CmiOj3JR5HX5/1yxak6ZtnzwM1BBflqJOUX9DBAggAZIjDEUIRDeJD0dOHCQUrcFabECULcxBnuUSJvRipGCo/YMX1 HtOvmbEx7nVMad0CnhPQKcto4IE9COkFYn2abeGYya/a33FOTU99tQn8/zxURq3BN7F++mfK/Pl2LwhA1UwOnmlLD6OqCPEtmuqJvbn+pSlGGlDiNBxQXhAPjnPXZNh5pate9 9Uz8zSg1q/dBrs3wrm9JA3Z/jnMetI6qLuGL40q9lo+6iD3s45DmeYI6ztBA08zxEU94ts4tad1ad59Sq5B7dvFtWQ8f/RaSdg==</latexit>  j
<latexit sha1_base64="DRqxp2gb+PByEaqX6lGcaEko41Q=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkVwVVIR7LLgxo1QwT6gLSVJp3VsXsxMhFpd+gNu9b/EP9C/8M6YglpEJyQ5c+45d+be6yUBl8pxXnPWwuLS8kp+tbC2vrG5Vdzeaco4FT5r+HEQi7bnShbwi DUUVwFrJ4K5oRewljc+1fHWDROSx9GlmiSsF7qjiA+57yqi2l3JR6Hbv+4XS07ZMcueB5UMlJCtelx8QRcDxPCRIgRDBEU4gAtJTwcVOEiI62FKnCDETZzhHgXypqRipHCJHdN 3RLtOxka01zmlcft0SkCvIKeNA/LEpBOE9Wm2iacms2Z/yz01OfXdJvT3slwhsQpXxP7lmyn/69O1KAxRNTVwqikxjK7Oz7Kkpiv65vaXqhRlSIjTeEBxQdg3zlmfbeORpnbd W9fE34xSs3rvZ9oU7/qWNODKz3HOg+ZRuUL44rhUq2ajzmMP+zikeZ6ghjPU0TBzfMQTnq1zS1q31t2n1Mplnl18W9bDB/92knc=</latexit><latexit sha1_base64="DRqxp2gb+PByEaqX6lGcaEko41Q=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkVwVVIR7LLgxo1QwT6gLSVJp3VsXsxMhFpd+gNu9b/EP9C/8M6YglpEJyQ5c+45d+be6yUBl8pxXnPWwuLS8kp+tbC2vrG5Vdzeaco4FT5r+HEQi7bnShbwi DUUVwFrJ4K5oRewljc+1fHWDROSx9GlmiSsF7qjiA+57yqi2l3JR6Hbv+4XS07ZMcueB5UMlJCtelx8QRcDxPCRIgRDBEU4gAtJTwcVOEiI62FKnCDETZzhHgXypqRipHCJHdN 3RLtOxka01zmlcft0SkCvIKeNA/LEpBOE9Wm2iacms2Z/yz01OfXdJvT3slwhsQpXxP7lmyn/69O1KAxRNTVwqikxjK7Oz7Kkpiv65vaXqhRlSIjTeEBxQdg3zlmfbeORpnbd W9fE34xSs3rvZ9oU7/qWNODKz3HOg+ZRuUL44rhUq2ajzmMP+zikeZ6ghjPU0TBzfMQTnq1zS1q31t2n1Mplnl18W9bDB/92knc=</latexit><latexit sha1_base64="DRqxp2gb+PByEaqX6lGcaEko41Q=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkVwVVIR7LLgxo1QwT6gLSVJp3VsXsxMhFpd+gNu9b/EP9C/8M6YglpEJyQ5c+45d+be6yUBl8pxXnPWwuLS8kp+tbC2vrG5Vdzeaco4FT5r+HEQi7bnShbwi DUUVwFrJ4K5oRewljc+1fHWDROSx9GlmiSsF7qjiA+57yqi2l3JR6Hbv+4XS07ZMcueB5UMlJCtelx8QRcDxPCRIgRDBEU4gAtJTwcVOEiI62FKnCDETZzhHgXypqRipHCJHdN 3RLtOxka01zmlcft0SkCvIKeNA/LEpBOE9Wm2iacms2Z/yz01OfXdJvT3slwhsQpXxP7lmyn/69O1KAxRNTVwqikxjK7Oz7Kkpiv65vaXqhRlSIjTeEBxQdg3zlmfbeORpnbd W9fE34xSs3rvZ9oU7/qWNODKz3HOg+ZRuUL44rhUq2ajzmMP+zikeZ6ghjPU0TBzfMQTnq1zS1q31t2n1Mplnl18W9bDB/92knc=</latexit><latexit sha1_base64="DRqxp2gb+PByEaqX6lGcaEko41Q=">AAACy3icjVHLSsN AFD2Nr1pfVZdugkVwVVIR7LLgxo1QwT6gLSVJp3VsXsxMhFpd+gNu9b/EP9C/8M6YglpEJyQ5c+45d+be6yUBl8pxXnPWwuLS8kp+tbC2vrG5Vdzeaco4FT5r+HEQi7bnShbwi DUUVwFrJ4K5oRewljc+1fHWDROSx9GlmiSsF7qjiA+57yqi2l3JR6Hbv+4XS07ZMcueB5UMlJCtelx8QRcDxPCRIgRDBEU4gAtJTwcVOEiI62FKnCDETZzhHgXypqRipHCJHdN 3RLtOxka01zmlcft0SkCvIKeNA/LEpBOE9Wm2iacms2Z/yz01OfXdJvT3slwhsQpXxP7lmyn/69O1KAxRNTVwqikxjK7Oz7Kkpiv65vaXqhRlSIjTeEBxQdg3zlmfbeORpnbd W9fE34xSs3rvZ9oU7/qWNODKz3HOg+ZRuUL44rhUq2ajzmMP+zikeZ6ghjPU0TBzfMQTnq1zS1q31t2n1Mplnl18W9bDB/92knc=</latexit>
Jij(ai, aj)
<latexit sha1_base64="EAfkdXxfEyONAm2bzRhI5RvPjxM=">AAAC1HicjVHLSsN AFD2N73fVpZtgERREUhF0WXAjrhRsLdQSJum0jk2TMJkIpboSt/6AW/0m8Q/0L7wzTkEtohOSnDn3nDtz7w3SSGTK814Lztj4xOTU9Mzs3PzC4lJxeaWWJbkMeTVMokTWA5bxS MS8qoSKeD2VnPWCiJ8H3UMdP7/mMhNJfKb6KW/2WCcWbREyRZRfXDr2B+LqdpP5Ypv5V1t+seTteGa5o6BsQQl2nSTFF1yghQQhcvTAEUMRjsCQ0dNAGR5S4poYECcJCRPnuMU seXNScVIwYrv07dCuYdmY9jpnZtwhnRLRK8npYoM8CekkYX2aa+K5yazZ33IPTE59tz79A5urR6zCJbF/+YbK//p0LQptHJgaBNWUGkZXF9osuemKvrn7pSpFGVLiNG5RXBIO jXPYZ9d4MlO77i0z8Tej1Kzeh1ab413fkgZc/jnOUVDb3SkTPt0rVQ7sqKexhnVs0jz3UcERTlA1M3/EE56dmnPj3Dn3n1KnYD2r+Lachw+X1ZT8</latexit><latexit sha1_base64="EAfkdXxfEyONAm2bzRhI5RvPjxM=">AAAC1HicjVHLSsN AFD2N73fVpZtgERREUhF0WXAjrhRsLdQSJum0jk2TMJkIpboSt/6AW/0m8Q/0L7wzTkEtohOSnDn3nDtz7w3SSGTK814Lztj4xOTU9Mzs3PzC4lJxeaWWJbkMeTVMokTWA5bxS MS8qoSKeD2VnPWCiJ8H3UMdP7/mMhNJfKb6KW/2WCcWbREyRZRfXDr2B+LqdpP5Ypv5V1t+seTteGa5o6BsQQl2nSTFF1yghQQhcvTAEUMRjsCQ0dNAGR5S4poYECcJCRPnuMU seXNScVIwYrv07dCuYdmY9jpnZtwhnRLRK8npYoM8CekkYX2aa+K5yazZ33IPTE59tz79A5urR6zCJbF/+YbK//p0LQptHJgaBNWUGkZXF9osuemKvrn7pSpFGVLiNG5RXBIO jXPYZ9d4MlO77i0z8Tej1Kzeh1ab413fkgZc/jnOUVDb3SkTPt0rVQ7sqKexhnVs0jz3UcERTlA1M3/EE56dmnPj3Dn3n1KnYD2r+Lachw+X1ZT8</latexit><latexit sha1_base64="EAfkdXxfEyONAm2bzRhI5RvPjxM=">AAAC1HicjVHLSsN AFD2N73fVpZtgERREUhF0WXAjrhRsLdQSJum0jk2TMJkIpboSt/6AW/0m8Q/0L7wzTkEtohOSnDn3nDtz7w3SSGTK814Lztj4xOTU9Mzs3PzC4lJxeaWWJbkMeTVMokTWA5bxS MS8qoSKeD2VnPWCiJ8H3UMdP7/mMhNJfKb6KW/2WCcWbREyRZRfXDr2B+LqdpP5Ypv5V1t+seTteGa5o6BsQQl2nSTFF1yghQQhcvTAEUMRjsCQ0dNAGR5S4poYECcJCRPnuMU seXNScVIwYrv07dCuYdmY9jpnZtwhnRLRK8npYoM8CekkYX2aa+K5yazZ33IPTE59tz79A5urR6zCJbF/+YbK//p0LQptHJgaBNWUGkZXF9osuemKvrn7pSpFGVLiNG5RXBIO jXPYZ9d4MlO77i0z8Tej1Kzeh1ab413fkgZc/jnOUVDb3SkTPt0rVQ7sqKexhnVs0jz3UcERTlA1M3/EE56dmnPj3Dn3n1KnYD2r+Lachw+X1ZT8</latexit><latexit sha1_base64="EAfkdXxfEyONAm2bzRhI5RvPjxM=">AAAC1HicjVHLSsN AFD2N73fVpZtgERREUhF0WXAjrhRsLdQSJum0jk2TMJkIpboSt/6AW/0m8Q/0L7wzTkEtohOSnDn3nDtz7w3SSGTK814Lztj4xOTU9Mzs3PzC4lJxeaWWJbkMeTVMokTWA5bxS MS8qoSKeD2VnPWCiJ8H3UMdP7/mMhNJfKb6KW/2WCcWbREyRZRfXDr2B+LqdpP5Ypv5V1t+seTteGa5o6BsQQl2nSTFF1yghQQhcvTAEUMRjsCQ0dNAGR5S4poYECcJCRPnuMU seXNScVIwYrv07dCuYdmY9jpnZtwhnRLRK8npYoM8CekkYX2aa+K5yazZ33IPTE59tz79A5urR6zCJbF/+YbK//p0LQptHJgaBNWUGkZXF9osuemKvrn7pSpFGVLiNG5RXBIO jXPYZ9d4MlO77i0z8Tej1Kzeh1ab413fkgZc/jnOUVDb3SkTPt0rVQ7sqKexhnVs0jz3UcERTlA1M3/EE56dmnPj3Dn3n1KnYD2r+Lachw+X1ZT8</latexit>
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<latexit sha1_base64="33qG8trtS6HntZTKBBRyXKB2l+o=">AAACx3icjVHLSsN AFD2Nr1pfVZdugkVwVZIa2gouCm50V8E+oC2SpNM2OHmQTIqluPAH3OqfiX+gf+GdMQVdFJ2Q5My595yZe68TcS8RhvGe01ZW19Y38puFre2d3b3i/kE7CdPYZS035GHcdeyEc S9gLeEJzrpRzGzf4azj3F/KeGfK4sQLg1sxi9jAt8eBN/JcW0iqzzi/K5aM8nm9WrGqulE2jJpZMSWo1KwzSzeJkauEbDXD4hv6GCKEixQ+GAIIwhw2Enp6MGEgIm6AOXExIU/ FGR5RIG1KWYwybGLv6TumXS9jA9pLz0SpXTqF0xuTUscJaULKiwnL03QVT5WzZJd5z5WnvNuM/k7m5RMrMCH2L90i8786WYvACHVVg0c1RYqR1bmZS6q6Im+u/6hKkENEnMRD iseEXaVc9FlXmkTVLntrq/iHypSs3LtZbopPeUsa8GKK+nLQrpRNwjdWqXGRjTqPIxzjlOZZQwNXaKJF3hM84wWv2rUWalPt4TtVy2WaQ/xa2tMXJEOQ+A==</latexit><latexit sha1_base64="33qG8trtS6HntZTKBBRyXKB2l+o=">AAACx3icjVHLSsN AFD2Nr1pfVZdugkVwVZIa2gouCm50V8E+oC2SpNM2OHmQTIqluPAH3OqfiX+gf+GdMQVdFJ2Q5My595yZe68TcS8RhvGe01ZW19Y38puFre2d3b3i/kE7CdPYZS035GHcdeyEc S9gLeEJzrpRzGzf4azj3F/KeGfK4sQLg1sxi9jAt8eBN/JcW0iqzzi/K5aM8nm9WrGqulE2jJpZMSWo1KwzSzeJkauEbDXD4hv6GCKEixQ+GAIIwhw2Enp6MGEgIm6AOXExIU/ FGR5RIG1KWYwybGLv6TumXS9jA9pLz0SpXTqF0xuTUscJaULKiwnL03QVT5WzZJd5z5WnvNuM/k7m5RMrMCH2L90i8786WYvACHVVg0c1RYqR1bmZS6q6Im+u/6hKkENEnMRD iseEXaVc9FlXmkTVLntrq/iHypSs3LtZbopPeUsa8GKK+nLQrpRNwjdWqXGRjTqPIxzjlOZZQwNXaKJF3hM84wWv2rUWalPt4TtVy2WaQ/xa2tMXJEOQ+A==</latexit><latexit sha1_base64="33qG8trtS6HntZTKBBRyXKB2l+o=">AAACx3icjVHLSsN AFD2Nr1pfVZdugkVwVZIa2gouCm50V8E+oC2SpNM2OHmQTIqluPAH3OqfiX+gf+GdMQVdFJ2Q5My595yZe68TcS8RhvGe01ZW19Y38puFre2d3b3i/kE7CdPYZS035GHcdeyEc S9gLeEJzrpRzGzf4azj3F/KeGfK4sQLg1sxi9jAt8eBN/JcW0iqzzi/K5aM8nm9WrGqulE2jJpZMSWo1KwzSzeJkauEbDXD4hv6GCKEixQ+GAIIwhw2Enp6MGEgIm6AOXExIU/ FGR5RIG1KWYwybGLv6TumXS9jA9pLz0SpXTqF0xuTUscJaULKiwnL03QVT5WzZJd5z5WnvNuM/k7m5RMrMCH2L90i8786WYvACHVVg0c1RYqR1bmZS6q6Im+u/6hKkENEnMRD iseEXaVc9FlXmkTVLntrq/iHypSs3LtZbopPeUsa8GKK+nLQrpRNwjdWqXGRjTqPIxzjlOZZQwNXaKJF3hM84wWv2rUWalPt4TtVy2WaQ/xa2tMXJEOQ+A==</latexit><latexit sha1_base64="33qG8trtS6HntZTKBBRyXKB2l+o=">AAACx3icjVHLSsN AFD2Nr1pfVZdugkVwVZIa2gouCm50V8E+oC2SpNM2OHmQTIqluPAH3OqfiX+gf+GdMQVdFJ2Q5My595yZe68TcS8RhvGe01ZW19Y38puFre2d3b3i/kE7CdPYZS035GHcdeyEc S9gLeEJzrpRzGzf4azj3F/KeGfK4sQLg1sxi9jAt8eBN/JcW0iqzzi/K5aM8nm9WrGqulE2jJpZMSWo1KwzSzeJkauEbDXD4hv6GCKEixQ+GAIIwhw2Enp6MGEgIm6AOXExIU/ FGR5RIG1KWYwybGLv6TumXS9jA9pLz0SpXTqF0xuTUscJaULKiwnL03QVT5WzZJd5z5WnvNuM/k7m5RMrMCH2L90i8786WYvACHVVg0c1RYqR1bmZS6q6Im+u/6hKkENEnMRD iseEXaVc9FlXmkTVLntrq/iHypSs3LtZbopPeUsa8GKK+nLQrpRNwjdWqXGRjTqPIxzjlOZZQwNXaKJF3hM84wWv2rUWalPt4TtVy2WaQ/xa2tMXJEOQ+A==</latexit> ai<latexit sha1_base64="XuLJWNym/RuYgzcb6UrG0n0Z1Bg=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgpsuK9gG1lMl0WofmRTJRShH8Abf6aeIf6F94Z0xBLaITkpw5954zc+/1Yl+mynFeC9bS8srqWnG9tLG5tb1T3t1rp1GWcNHikR8lXY+lwpeha CmpfNGNE8ECzxcdb3Ku451bkaQyCq/UNBb9gI1DOZKcKaIu2UAOyhWn6phlLwI3BxXkqxmVX3CNISJwZAggEEIR9sGQ0tODCwcxcX3MiEsISRMXuEeJtBllCcpgxE7oO6ZdL2d D2mvP1Kg5neLTm5DSxhFpIspLCOvTbBPPjLNmf/OeGU99tyn9vdwrIFbhhti/dPPM/+p0LQoj1EwNkmqKDaOr47lLZrqib25/qUqRQ0ycxkOKJ4S5Uc77bBtNamrXvWUm/mYy Nav3PM/N8K5vSQN2f45zEbRPqi7hi9NKvZaPuogDHOKY5nmGOhpookXeYzziCc9WwwqtzLr7TLUKuWYf35b18AFZPZA4</latexit><latexit sha1_base64="XuLJWNym/RuYgzcb6UrG0n0Z1Bg=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgpsuK9gG1lMl0WofmRTJRShH8Abf6aeIf6F94Z0xBLaITkpw5954zc+/1Yl+mynFeC9bS8srqWnG9tLG5tb1T3t1rp1GWcNHikR8lXY+lwpeha CmpfNGNE8ECzxcdb3Ku451bkaQyCq/UNBb9gI1DOZKcKaIu2UAOyhWn6phlLwI3BxXkqxmVX3CNISJwZAggEEIR9sGQ0tODCwcxcX3MiEsISRMXuEeJtBllCcpgxE7oO6ZdL2d D2mvP1Kg5neLTm5DSxhFpIspLCOvTbBPPjLNmf/OeGU99tyn9vdwrIFbhhti/dPPM/+p0LQoj1EwNkmqKDaOr47lLZrqib25/qUqRQ0ycxkOKJ4S5Uc77bBtNamrXvWUm/mYy Nav3PM/N8K5vSQN2f45zEbRPqi7hi9NKvZaPuogDHOKY5nmGOhpookXeYzziCc9WwwqtzLr7TLUKuWYf35b18AFZPZA4</latexit><latexit sha1_base64="XuLJWNym/RuYgzcb6UrG0n0Z1Bg=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgpsuK9gG1lMl0WofmRTJRShH8Abf6aeIf6F94Z0xBLaITkpw5954zc+/1Yl+mynFeC9bS8srqWnG9tLG5tb1T3t1rp1GWcNHikR8lXY+lwpeha CmpfNGNE8ECzxcdb3Ku451bkaQyCq/UNBb9gI1DOZKcKaIu2UAOyhWn6phlLwI3BxXkqxmVX3CNISJwZAggEEIR9sGQ0tODCwcxcX3MiEsISRMXuEeJtBllCcpgxE7oO6ZdL2d D2mvP1Kg5neLTm5DSxhFpIspLCOvTbBPPjLNmf/OeGU99tyn9vdwrIFbhhti/dPPM/+p0LQoj1EwNkmqKDaOr47lLZrqib25/qUqRQ0ycxkOKJ4S5Uc77bBtNamrXvWUm/mYy Nav3PM/N8K5vSQN2f45zEbRPqi7hi9NKvZaPuogDHOKY5nmGOhpookXeYzziCc9WwwqtzLr7TLUKuWYf35b18AFZPZA4</latexit><latexit sha1_base64="XuLJWNym/RuYgzcb6UrG0n0Z1Bg=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgpsuK9gG1lMl0WofmRTJRShH8Abf6aeIf6F94Z0xBLaITkpw5954zc+/1Yl+mynFeC9bS8srqWnG9tLG5tb1T3t1rp1GWcNHikR8lXY+lwpeha CmpfNGNE8ECzxcdb3Ku451bkaQyCq/UNBb9gI1DOZKcKaIu2UAOyhWn6phlLwI3BxXkqxmVX3CNISJwZAggEEIR9sGQ0tODCwcxcX3MiEsISRMXuEeJtBllCcpgxE7oO6ZdL2d D2mvP1Kg5neLTm5DSxhFpIspLCOvTbBPPjLNmf/OeGU99tyn9vdwrIFbhhti/dPPM/+p0LQoj1EwNkmqKDaOr47lLZrqib25/qUqRQ0ycxkOKJ4S5Uc77bBtNamrXvWUm/mYy Nav3PM/N8K5vSQN2f45zEbRPqi7hi9NKvZaPuogDHOKY5nmGOhpookXeYzziCc9WwwqtzLr7TLUKuWYf35b18AFZPZA4</latexit>
aj
<latexit sha1_base64="Y77/l2Ud3hPKi0e/wgIdU3tKW/Q=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgpsuK9gFVSjKd1rF5kUyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zuff6SSAy6TivBWthcWl5pbhaWlvf2Nwqb++0szhPGW+xOIjTru9lPBARb 0khA95NUu6FfsA7/vhUxTu3PM1EHF3IScKvQm8UiaFgniTq3Ovf9MsVp+roZc8D14AKzGrG5RdcYoAYDDlCcESQhAN4yOjpwYWDhLgrTIlLCQkd57hHibQ5ZXHK8Igd03dEu55 hI9orz0yrGZ0S0JuS0sYBaWLKSwmr02wdz7WzYn/znmpPdbcJ/X3jFRIrcU3sX7pZ5n91qhaJIWq6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppWzPttak+naVW89HX/T mYpVe2Zyc7yrW9KA3Z/jnAfto6pL+Oy4Uq+ZURexh30c0jxPUEcDTbTIe4RHPOHZaliRlVt3n6lWwWh28W1ZDx9bnZA5</latexit><latexit sha1_base64="Y77/l2Ud3hPKi0e/wgIdU3tKW/Q=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgpsuK9gFVSjKd1rF5kUyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zuff6SSAy6TivBWthcWl5pbhaWlvf2Nwqb++0szhPGW+xOIjTru9lPBARb 0khA95NUu6FfsA7/vhUxTu3PM1EHF3IScKvQm8UiaFgniTq3Ovf9MsVp+roZc8D14AKzGrG5RdcYoAYDDlCcESQhAN4yOjpwYWDhLgrTIlLCQkd57hHibQ5ZXHK8Igd03dEu55 hI9orz0yrGZ0S0JuS0sYBaWLKSwmr02wdz7WzYn/znmpPdbcJ/X3jFRIrcU3sX7pZ5n91qhaJIWq6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppWzPttak+naVW89HX/T mYpVe2Zyc7yrW9KA3Z/jnAfto6pL+Oy4Uq+ZURexh30c0jxPUEcDTbTIe4RHPOHZaliRlVt3n6lWwWh28W1ZDx9bnZA5</latexit><latexit sha1_base64="Y77/l2Ud3hPKi0e/wgIdU3tKW/Q=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgpsuK9gFVSjKd1rF5kUyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zuff6SSAy6TivBWthcWl5pbhaWlvf2Nwqb++0szhPGW+xOIjTru9lPBARb 0khA95NUu6FfsA7/vhUxTu3PM1EHF3IScKvQm8UiaFgniTq3Ovf9MsVp+roZc8D14AKzGrG5RdcYoAYDDlCcESQhAN4yOjpwYWDhLgrTIlLCQkd57hHibQ5ZXHK8Igd03dEu55 hI9orz0yrGZ0S0JuS0sYBaWLKSwmr02wdz7WzYn/znmpPdbcJ/X3jFRIrcU3sX7pZ5n91qhaJIWq6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppWzPttak+naVW89HX/T mYpVe2Zyc7yrW9KA3Z/jnAfto6pL+Oy4Uq+ZURexh30c0jxPUEcDTbTIe4RHPOHZaliRlVt3n6lWwWh28W1ZDx9bnZA5</latexit><latexit sha1_base64="Y77/l2Ud3hPKi0e/wgIdU3tKW/Q=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwVRIR7LLgpsuK9gFVSjKd1rF5kUyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zuff6SSAy6TivBWthcWl5pbhaWlvf2Nwqb++0szhPGW+xOIjTru9lPBARb 0khA95NUu6FfsA7/vhUxTu3PM1EHF3IScKvQm8UiaFgniTq3Ovf9MsVp+roZc8D14AKzGrG5RdcYoAYDDlCcESQhAN4yOjpwYWDhLgrTIlLCQkd57hHibQ5ZXHK8Igd03dEu55 hI9orz0yrGZ0S0JuS0sYBaWLKSwmr02wdz7WzYn/znmpPdbcJ/X3jFRIrcU3sX7pZ5n91qhaJIWq6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppWzPttak+naVW89HX/T mYpVe2Zyc7yrW9KA3Z/jnAfto6pL+Oy4Uq+ZURexh30c0jxPUEcDTbTIe4RHPOHZaliRlVt3n6lWwWh28W1ZDx9bnZA5</latexit>
hj(aj)
<latexit sha1_base64="4CP0DuWtvyxHbqMR9OJCjhFsTQM=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkWom5KIYJcFN26ECvYBtZTJdNqm5kUyEWp16Q+41f8S/0D/wjtjCm oRnZDkzLnn3Jl7rxN5biIt6zVnLCwuLa/kVwtr6xubW8XtnWYSpjEXDR56Ydx2WCI8NxAN6UpPtKNYMN/xRMu5PlXx1o2IEzcMLuUkEl2fDQN34HImiWqPeuMy640Pe8WSVbH0MueBnYESslUPiy+4Qh8hOFL4EAggCXtgSOjpwIaFiLgupsTFhFwdF7hHgbwpqQQpGLHX9B3SrpOxAe1VzkS7OZ3i0RuT08QBeULSxYTVaaaOpzqzYn/LPdU51d0m9HeyXD6xE iNi//LNlP/1qVokBqjqGlyqKdKMqo5nWVLdFXVz80tVkjJExCncp3hMmGvnrM+m9iS6dtVbpuNvWqlYteeZNsW7uiUN2P45znnQPKrYhC+OS7VqNuo89rCPMs3zBDWcoY6GnuMjnvBsnBuJcWvcfUqNXObZxbdlPHwAtm+R7Q==</latexit><latexit sha1_base64="4CP0DuWtvyxHbqMR9OJCjhFsTQM=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkWom5KIYJcFN26ECvYBtZTJdNqm5kUyEWp16Q+41f8S/0D/wjtjCm oRnZDkzLnn3Jl7rxN5biIt6zVnLCwuLa/kVwtr6xubW8XtnWYSpjEXDR56Ydx2WCI8NxAN6UpPtKNYMN/xRMu5PlXx1o2IEzcMLuUkEl2fDQN34HImiWqPeuMy640Pe8WSVbH0MueBnYESslUPiy+4Qh8hOFL4EAggCXtgSOjpwIaFiLgupsTFhFwdF7hHgbwpqQQpGLHX9B3SrpOxAe1VzkS7OZ3i0RuT08QBeULSxYTVaaaOpzqzYn/LPdU51d0m9HeyXD6xE iNi//LNlP/1qVokBqjqGlyqKdKMqo5nWVLdFXVz80tVkjJExCncp3hMmGvnrM+m9iS6dtVbpuNvWqlYteeZNsW7uiUN2P45znnQPKrYhC+OS7VqNuo89rCPMs3zBDWcoY6GnuMjnvBsnBuJcWvcfUqNXObZxbdlPHwAtm+R7Q==</latexit><latexit sha1_base64="4CP0DuWtvyxHbqMR9OJCjhFsTQM=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkWom5KIYJcFN26ECvYBtZTJdNqm5kUyEWp16Q+41f8S/0D/wjtjCm oRnZDkzLnn3Jl7rxN5biIt6zVnLCwuLa/kVwtr6xubW8XtnWYSpjEXDR56Ydx2WCI8NxAN6UpPtKNYMN/xRMu5PlXx1o2IEzcMLuUkEl2fDQN34HImiWqPeuMy640Pe8WSVbH0MueBnYESslUPiy+4Qh8hOFL4EAggCXtgSOjpwIaFiLgupsTFhFwdF7hHgbwpqQQpGLHX9B3SrpOxAe1VzkS7OZ3i0RuT08QBeULSxYTVaaaOpzqzYn/LPdU51d0m9HeyXD6xE iNi//LNlP/1qVokBqjqGlyqKdKMqo5nWVLdFXVz80tVkjJExCncp3hMmGvnrM+m9iS6dtVbpuNvWqlYteeZNsW7uiUN2P45znnQPKrYhC+OS7VqNuo89rCPMs3zBDWcoY6GnuMjnvBsnBuJcWvcfUqNXObZxbdlPHwAtm+R7Q==</latexit><latexit sha1_base64="4CP0DuWtvyxHbqMR9OJCjhFsTQM=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkWom5KIYJcFN26ECvYBtZTJdNqm5kUyEWp16Q+41f8S/0D/wjtjCm oRnZDkzLnn3Jl7rxN5biIt6zVnLCwuLa/kVwtr6xubW8XtnWYSpjEXDR56Ydx2WCI8NxAN6UpPtKNYMN/xRMu5PlXx1o2IEzcMLuUkEl2fDQN34HImiWqPeuMy640Pe8WSVbH0MueBnYESslUPiy+4Qh8hOFL4EAggCXtgSOjpwIaFiLgupsTFhFwdF7hHgbwpqQQpGLHX9B3SrpOxAe1VzkS7OZ3i0RuT08QBeULSxYTVaaaOpzqzYn/LPdU51d0m9HeyXD6xE iNi//LNlP/1qVokBqjqGlyqKdKMqo5nWVLdFXVz80tVkjJExCncp3hMmGvnrM+m9iS6dtVbpuNvWqlYteeZNsW7uiUN2P45znnQPKrYhC+OS7VqNuo89rCPMs3zBDWcoY6GnuMjnvBsnBuJcWvcfUqNXObZxbdlPHwAtm+R7Q==</latexit>
hi(ai)
<latexit sha1_base64="1dHTm7rpZfc15C+l+gfugexKgLU=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkWom5KKYJcFN26ECvYBWkoynbZD8yIzEWp16Q+41f8S/0D/wjtjCm oRnZDkzLnn3Jl7rxf7QirHec1ZC4tLyyv51cLa+sbmVnF7pyWjNGG8ySI/SjqeK7kvQt5UQvm8EyfcDTyft73xqY63b3giRRReqknMu4E7DMVAMFcR1Rn1RNnticNeseRUHLPseVDNQAnZakTFF1yjjwgMKQJwhFCEfbiQ9FyhCgcxcV1MiUsICRPnuEeBvCmpOClcYsf0HdLuKmND2uuc0rgZneLTm5DTxgF5ItIlhPVptomnJrNmf8s9NTn13Sb097JcAbEKI 2L/8s2U//XpWhQGqJkaBNUUG0ZXx7IsqemKvrn9pSpFGWLiNO5TPCHMjHPWZ9t4pKld99Y18Tej1Kzes0yb4l3fkgZc/TnOedA6qlQJXxyX6rVs1HnsYR9lmucJ6jhDA00zx0c84dk6t6R1a919Sq1c5tnFt2U9fACxqZHr</latexit><latexit sha1_base64="1dHTm7rpZfc15C+l+gfugexKgLU=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkWom5KKYJcFN26ECvYBWkoynbZD8yIzEWp16Q+41f8S/0D/wjtjCm oRnZDkzLnn3Jl7rxf7QirHec1ZC4tLyyv51cLa+sbmVnF7pyWjNGG8ySI/SjqeK7kvQt5UQvm8EyfcDTyft73xqY63b3giRRReqknMu4E7DMVAMFcR1Rn1RNnticNeseRUHLPseVDNQAnZakTFF1yjjwgMKQJwhFCEfbiQ9FyhCgcxcV1MiUsICRPnuEeBvCmpOClcYsf0HdLuKmND2uuc0rgZneLTm5DTxgF5ItIlhPVptomnJrNmf8s9NTn13Sb097JcAbEKI 2L/8s2U//XpWhQGqJkaBNUUG0ZXx7IsqemKvrn9pSpFGWLiNO5TPCHMjHPWZ9t4pKld99Y18Tej1Kzes0yb4l3fkgZc/TnOedA6qlQJXxyX6rVs1HnsYR9lmucJ6jhDA00zx0c84dk6t6R1a919Sq1c5tnFt2U9fACxqZHr</latexit><latexit sha1_base64="1dHTm7rpZfc15C+l+gfugexKgLU=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkWom5KKYJcFN26ECvYBWkoynbZD8yIzEWp16Q+41f8S/0D/wjtjCm oRnZDkzLnn3Jl7rxf7QirHec1ZC4tLyyv51cLa+sbmVnF7pyWjNGG8ySI/SjqeK7kvQt5UQvm8EyfcDTyft73xqY63b3giRRReqknMu4E7DMVAMFcR1Rn1RNnticNeseRUHLPseVDNQAnZakTFF1yjjwgMKQJwhFCEfbiQ9FyhCgcxcV1MiUsICRPnuEeBvCmpOClcYsf0HdLuKmND2uuc0rgZneLTm5DTxgF5ItIlhPVptomnJrNmf8s9NTn13Sb097JcAbEKI 2L/8s2U//XpWhQGqJkaBNUUG0ZXx7IsqemKvrn9pSpFGWLiNO5TPCHMjHPWZ9t4pKld99Y18Tej1Kzes0yb4l3fkgZc/TnOedA6qlQJXxyX6rVs1HnsYR9lmucJ6jhDA00zx0c84dk6t6R1a919Sq1c5tnFt2U9fACxqZHr</latexit><latexit sha1_base64="1dHTm7rpZfc15C+l+gfugexKgLU=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkWom5KKYJcFN26ECvYBWkoynbZD8yIzEWp16Q+41f8S/0D/wjtjCm oRnZDkzLnn3Jl7rxf7QirHec1ZC4tLyyv51cLa+sbmVnF7pyWjNGG8ySI/SjqeK7kvQt5UQvm8EyfcDTyft73xqY63b3giRRReqknMu4E7DMVAMFcR1Rn1RNnticNeseRUHLPseVDNQAnZakTFF1yjjwgMKQJwhFCEfbiQ9FyhCgcxcV1MiUsICRPnuEeBvCmpOClcYsf0HdLuKmND2uuc0rgZneLTm5DTxgF5ItIlhPVptomnJrNmf8s9NTn13Sb097JcAbEKI 2L/8s2U//XpWhQGqJkaBNUUG0ZXx7IsqemKvrn9pSpFGWLiNO5TPCHMjHPWZ9t4pKld99Y18Tej1Kzes0yb4l3fkgZc/TnOedA6qlQJXxyX6rVs1HnsYR9lmucJ6jhDA00zx0c84dk6t6R1a919Sq1c5tnFt2U9fACxqZHr</latexit>
Jij(ai, aj)
<latexit sha1_base64="EAfkdXxfEyONAm2bzRhI5RvPjxM=">AAAC1HicjVHLSsNAFD2N73fVpZtgERREUhF0WXAjrhRsLdQSJum0jk2TMJkIpboSt/6AW/0m8Q/0L7wzTk EtohOSnDn3nDtz7w3SSGTK814Lztj4xOTU9Mzs3PzC4lJxeaWWJbkMeTVMokTWA5bxSMS8qoSKeD2VnPWCiJ8H3UMdP7/mMhNJfKb6KW/2WCcWbREyRZRfXDr2B+LqdpP5Ypv5V1t+seTteGa5o6BsQQl2nSTFF1yghQQhcvTAEUMRjsCQ0dNAGR5S4poYECcJCRPnuMUseXNScVIwYrv07dCuYdmY9jpnZtwhnRLRK8npYoM8CekkYX2aa+K5yazZ33IPTE59t z79A5urR6zCJbF/+YbK//p0LQptHJgaBNWUGkZXF9osuemKvrn7pSpFGVLiNG5RXBIOjXPYZ9d4MlO77i0z8Tej1Kzeh1ab413fkgZc/jnOUVDb3SkTPt0rVQ7sqKexhnVs0jz3UcERTlA1M3/EE56dmnPj3Dn3n1KnYD2r+Lachw+X1ZT8</latexit><latexit sha1_base64="EAfkdXxfEyONAm2bzRhI5RvPjxM=">AAAC1HicjVHLSsNAFD2N73fVpZtgERREUhF0WXAjrhRsLdQSJum0jk2TMJkIpboSt/6AW/0m8Q/0L7wzTk EtohOSnDn3nDtz7w3SSGTK814Lztj4xOTU9Mzs3PzC4lJxeaWWJbkMeTVMokTWA5bxSMS8qoSKeD2VnPWCiJ8H3UMdP7/mMhNJfKb6KW/2WCcWbREyRZRfXDr2B+LqdpP5Ypv5V1t+seTteGa5o6BsQQl2nSTFF1yghQQhcvTAEUMRjsCQ0dNAGR5S4poYECcJCRPnuMUseXNScVIwYrv07dCuYdmY9jpnZtwhnRLRK8npYoM8CekkYX2aa+K5yazZ33IPTE59t z79A5urR6zCJbF/+YbK//p0LQptHJgaBNWUGkZXF9osuemKvrn7pSpFGVLiNG5RXBIOjXPYZ9d4MlO77i0z8Tej1Kzeh1ab413fkgZc/jnOUVDb3SkTPt0rVQ7sqKexhnVs0jz3UcERTlA1M3/EE56dmnPj3Dn3n1KnYD2r+Lachw+X1ZT8</latexit><latexit sha1_base64="EAfkdXxfEyONAm2bzRhI5RvPjxM=">AAAC1HicjVHLSsNAFD2N73fVpZtgERREUhF0WXAjrhRsLdQSJum0jk2TMJkIpboSt/6AW/0m8Q/0L7wzTk EtohOSnDn3nDtz7w3SSGTK814Lztj4xOTU9Mzs3PzC4lJxeaWWJbkMeTVMokTWA5bxSMS8qoSKeD2VnPWCiJ8H3UMdP7/mMhNJfKb6KW/2WCcWbREyRZRfXDr2B+LqdpP5Ypv5V1t+seTteGa5o6BsQQl2nSTFF1yghQQhcvTAEUMRjsCQ0dNAGR5S4poYECcJCRPnuMUseXNScVIwYrv07dCuYdmY9jpnZtwhnRLRK8npYoM8CekkYX2aa+K5yazZ33IPTE59t z79A5urR6zCJbF/+YbK//p0LQptHJgaBNWUGkZXF9osuemKvrn7pSpFGVLiNG5RXBIOjXPYZ9d4MlO77i0z8Tej1Kzeh1ab413fkgZc/jnOUVDb3SkTPt0rVQ7sqKexhnVs0jz3UcERTlA1M3/EE56dmnPj3Dn3n1KnYD2r+Lachw+X1ZT8</latexit><latexit sha1_base64="EAfkdXxfEyONAm2bzRhI5RvPjxM=">AAAC1HicjVHLSsNAFD2N73fVpZtgERREUhF0WXAjrhRsLdQSJum0jk2TMJkIpboSt/6AW/0m8Q/0L7wzTk EtohOSnDn3nDtz7w3SSGTK814Lztj4xOTU9Mzs3PzC4lJxeaWWJbkMeTVMokTWA5bxSMS8qoSKeD2VnPWCiJ8H3UMdP7/mMhNJfKb6KW/2WCcWbREyRZRfXDr2B+LqdpP5Ypv5V1t+seTteGa5o6BsQQl2nSTFF1yghQQhcvTAEUMRjsCQ0dNAGR5S4poYECcJCRPnuMUseXNScVIwYrv07dCuYdmY9jpnZtwhnRLRK8npYoM8CekkYX2aa+K5yazZ33IPTE59t z79A5urR6zCJbF/+YbK//p0LQptHJgaBNWUGkZXF9osuemKvrn7pSpFGVLiNG5RXBIOjXPYZ9d4MlO77i0z8Tej1Kzeh1ab413fkgZc/jnOUVDb3SkTPt0rVQ7sqKexhnVs0jz3UcERTlA1M3/EE56dmnPj3Dn3n1KnYD2r+Lachw+X1ZT8</latexit>
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FIG. 2: Two-dimensional spin model. A. Lattice on which
the model is defined. Each node i carries a physical variable
xi ∈ {−1,+1} and an evolutionary variable ai ∈ {1, . . . , q}.
One node at a boundary, here in red, defines the binding site,
which may be subject to an external field ` representing a
ligand. The thiner li es fro top to botto nodes implement
the periodic boundary conditions, giving to the structure the
geometry of a cylinder. Here and in the following figures,
L = 10 and W = 5. B. The evolutionary variables ai and aj
define fields hi(ai), hj(aj) and couplings Jij(ai, aj) to which
every physical variables xi and xj connected by a link in the
lattice are subject. The potential U(x, a, `) is given by Eq. (1).
implications of evolutionary and physical constraints are
independent of the underlying mechanisms and may be
demonstrated for a wide class of potentials [14]. We
therefore illustrate them using a physical model with the
simplest form of flexibility, a spin model.
II. TWO-DIMENSIONAL SPIN MODEL
As a simple model with a non-trivial geometry, we con-
sider a spin model defined on a two-dimensional lattice
with periodic boundary conditions along one dimension
(Fig. 2A). This model is similar to the model introduced
in Ref. [15] with two differences. First, for simplicity, we
consider binary variables (spins) rather than continuous
variables. Second and most importantly, the evolution-
ary scenario that we consider is totally different: instead
of selecting explicitly for a long-range effect by varying
the boundary conditions at the two extreme sides of the
lattice, we select for binding specificity by varying the
boundary conditions at a single site of the lattice. The
point is indeed to show that long-range effects can evolve
spontaneously with significant probability from a selec-
tion for exquisite discrimination, even though this selec-
tion is very localized.
Each node i is associated with two variables, a physical
variable xi that can take two values xi = ±1, and an evo-
lutionary variable ai that can take q values ai = 1, . . . , q.
The evolutionary variables determine the fields hi(ai)
and couplings Jij(ai, aj) to which the physical variables
are subject (Fig. 2B). Finally, a site b is chosen to rep-
resent the binding site, which is subject to an additional
external field ` representing an interaction with a ligand
or with the solvent (red node in Fig. 2A). The potential
4is
U(x, a, `) = −
∑
〈i,j〉
Jij(ai, aj)xixj−
∑
i
hi(ai)xi−`xb (1)
where x ∈ {−1,+1}N , a ∈ {1, . . . , q}N and ` ∈ R, N
being the total number of sites. The couplings Jij(ai, aj)
are possibly non-zero only between nearest neighbors in
the two-dimensional lattice shown in Fig. 2A, so as to re-
flect the short-range nature of physical interactions. The
free energy given a sequence a and a ligand ` is as usual
F (a, `) = −β−1 ln∑x exp(−βU(x, a, `)) with β the in-
verse temperature.
As a score of the extent to which a sequence a discrim-
inates the right ligand `r from the wrong ligand `w, we
consider
φ(a) = min(−∆Fr(a),∆Fw(a)), (2)
where ∆Fr(a) = F (a, `r) − F (a, `0) and ∆Fw(a) =
F (a, `w) − F (a, `0) are the binding free energies to the
two possible ligands. With this formulation, F (a, `r) <
F (a, `0) < F (a, `w) is equivalent to φ(a) > 0. Other fit-
ness functions implementing the same trade-off between
∆Fr(a) and ∆Fw(a) may also be used and lead to similar
conclusions (Fig. S2). We sample sequences a with prob-
ability P (a) ∝ eγφ(a) using a Metropolis Monte Carlo
algorithm [16], which corresponds to an evolutionary dy-
namics in the origin-fixation limit, with φ(a) interpreted
as a fitness function and γ as an effective population
size [17] (see Appendix for details).
For illustration, we consider a cylinder with L = 10
layers of couplings and W = 5 nodes per layer (Fig. 1A)
for a total of N = W (L + 1) = 55 sites, in the range
of smallest folding protein domains. With this geometry,
the free energy F (a, `) and other thermodynamical quan-
tities can be computed exactly by transfer matrices [18].
We take q = 5, smaller than the number of natural amino
acids but sufficient to generate a large evolutionary space
of size qN ' 1038. To define hi(ai) and Jij(ai, aj), we
draw their values at random from normal distributions,
hi(ai) ∼ N (0, σ2h) and Jij(ai, aj) ∼ N (0, σ2J), indepen-
dently for each i, j and each ai, aj . Fixing the energy
scale by setting β = 1, we take σh = σJ = 3 so that some
fields and couplings may be large relative to β−1, as in
natural proteins where the strength of some physical in-
teractions, e.g., covalent bounds and steric constraints,
can significantly exceed the scale of thermal fluctuations.
We take `0 = 0, `w = 2 and `r = 3, a choice of parame-
ters for which φ(a) > 0 is achievable with a single spin,
provided the adequate evolutionary diversity is available.
Lastly, we take γ = 100 to sample near-optimal values of
φ(a).
With these parameters, most evolutionary trajectories
lead to φ(a) > 0 after 1000 iterations (> 98%, see in-
set of Fig. 3A). To visualize and quantify conformational
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FIG. 3: Extent of the conformational change and evolvability
for different realizations of the two-dimensional spin model.
A. Distribution of ω¯r, the effective fraction of sites chang-
ing conformation upon binding, over 1000 different evolved
systems a. Only the fittest systems with φ > 0.35 are consid-
ered. As the distribution of φ is picked around its theoretical
maximum φ ' 0.41, these top systems represent > 94% of
the total. For these systems, ω¯r is nearly independent of φ
(Fig. S5A). Inset: cumulative distribution of φ over all 1000
systems. The red dotted line indicates the theoretical maxi-
mum. B. For the same systems, the measure of evolvability
ε is positively correlated with ω¯r, although independent of φ
(Fig. S5B): the more extended the conformational switch, the
wider the range of phenotypes available in the neighborhood
of a sequence, irrespectively of its fitness.
changes induced by substituting `r for `0, we introduce
ωi,r(a) =
1
2
|〈xi〉a,`r − 〈xi〉a,`0 | , ω¯r(a) =
1
N
N∑
i=1
ωi,r(a)
(3)
where 〈xi〉a,` =
∫
dxP (x|a, `)xi stands for the mean value
of xi given a, `. ωi,r(a) quantifies the extent to which
site i undergoes a conformational change upon binding
to the right ligand: ωi,r(a) = 0 indicates no change, while
ωi,r(a) = 1 indicates a maximal change between two po-
larized states. The site-averaged quantity ω¯r(a) may be
interpreted as an effective fraction of sites taking part in
the switch (ω¯w(a) is similarly defined by considering `w
instead of `r). As shown in Fig. 3A, ω¯r(a) varies widely
from one evolved system to the next, even among systems
with nearly identical fitness value φ(a). In most but not
all cases, the set of sites involved in the switch extends
beyond the binding site. The size and shape of this ex-
tension varies again from case to case (Fig. 4). As in the
simpler models, a switch evolves only under a constraint
for exquisite discrimination controlled by the similarity
between the two ligands `r and `w: if `w < `0 < `r no
switch evolves while if `0 < `w < `r or `0 < `r < `w it
always does (Fig. S3B).
Consistent with the proposed scenario, sites involved
in the switch, and only those sites, are sensitive to per-
turbations. This is verified by applying to the evolved
systems an additional local field h′i = ±2 at each site i
and estimating the effect ∆hiφ of this perturbation on
the fitness φ(a): as seen in Fig. 4, the sites responding to
this local perturbation are the same as those participat-
ing to the conformational change. An overlap with sites
sensitive to mutations (∆aiφ) is also evident although
5less straightforward because a mutation at i affects the
couplings Jij(ai, aj) to neighboring sites in addition to
the local field hi(ai). In any case, a selective pressure
for exquisite discrimination is sufficient in this model to
generate with high probability distant allosteric sites and
long-range mutational effects.
To assess the implications for adaptation, we define a
measure of evolvability ε(a) that reports the phenotypic
diversity of sequences differing from a by a single muta-
tions. Here, the relevant phenotype is the set of ligands
that a sequence can discriminate. In the limit where `r
and `w are very similar, |`r − `w| → 0, there is typically
either no or a single value of `r for which φ(a) > 0. This
value `r(a) provides a synthetic characterization of the
phenotype of a. A measure ε(a) of the phenotypic diver-
sity of the neighborhood of a can thus be defined from the
number of different values that `r(a
′) takes when consid-
ering all the single mutants a′ of a. In practice, we fix an
interval of phenotypes of interest [`min, `max] = [−1, 4],
partition it into small subintervals of length δ = 0.1, and
for each single mutant a′ of a given sequence a find, if
it exists, the interval to which `r(a
′) belongs: ε(a) is
then defined as the fraction of subintervals covered by
the (q − 1)W (L + 1) single-point mutants of a. As seen
in Fig. 3B, ε(a) correlates with ω¯r(a), consistent with
the proposition that an extended conformational switch
favors adaptation to new selective pressures; this correla-
tion does not depend on the choice of δ to resolve different
phenotypes (Fig. S4). In contrast, ε(a) does not correlate
with φ(a) (Fig. S5). Importantly, while ε(a) is defined
from the effect of single-point mutations only, it corre-
lates with the capacity of a system to adapt to a change
of selective pressure over multiple generations (Fig. S6).
In summary, the two-dimensional spin model illus-
trates how selection for exquisite discrimination gives
rise to a conformation switch, how this switch may in-
volve a varying number of sites and how the potential for
allostery and evolvability increases with the number of
coupled sites that control the switch.
III. CONSERVATION, COEVOLUTION AND
THERMAL STABILITY
A relevant model of protein evolution should repro-
duce the salient statistical patterns present in multiple
sequence alignments of natural protein families. Those
families comprise sequences that evolved from a com-
mon ancestral sequence under presumably similar selec-
tive pressures. The simplest way to produce comparable
alignments from the model is to take an evolved sequence
as the ancestral sequence, generate from it M indepen-
dent trajectories, and collect the sequences at the end
points into an alignment. Although this procedure as-
sumes a trivial star-like phylogeny and strictly constant
selection, we find it sufficient to produce statistical fea-
tures comparable to those in natural alignments.
Given an alignment, a degree of evolutionary conserva-
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FIG. 4: Five evolved systems with equivalent fitness φ ' 0.4
but switches of different extensions ω¯r, as indicated on the
top. A. Conformational change ωi,r at each position i when
`r is substituted for `0. B. Maximal fitness cost ∆hiφ when
adding an external field hi = ±2. C. Average fitness cost
∆aiφ of mutating ai. In each case, the size of the dots is pro-
portional to the quantity of interest. The first two rows are
nearly identical, indicating that the same sites that change
conformation are allosteric. The relation to sites displaying a
strong mutational effect (last row) is also apparent although
less straightforward due to the impact of mutations on both
hi(ai) and Jij(ai, aj). These examples illustrate how long
range effects may arise from local selection for exquisite dis-
crimination (the binding site is always the middle node on the
left edge as in Fig. 2A).
tion can be defined at each site i by the relative entropy
Di =
q∑
ai=1
fi(ai) ln
fi(ai)
q−1
, (4)
where fi(ai) is the frequency at which amino acid a is
present at position i in the alignment. The pattern of
evolutionary conservation Di essentially reproduces the
patterns of conformational changes ωi,r and allosteric ef-
fects ∆hiφ in the ancestral sequence (Fig. 5A, to be com-
pared with the second column of Fig. 4, which character-
izes the ancestral sequence from which the alignment is
generated).
Beyond conservation at individual positions, we can
also analyze coevolution between sites through the cor-
relation matrix Cij(ai, bj) = fij(ai, bj) − fi(ai)fj(bj)
where fij(ai, bj) is the joint frequency of (ai, bj) at sites
i and j. Different statistical patterns can be extracted
from Cij(ai, bj) [19, 20]. The statistical coupling anal-
ysis (SCA) thus extracts conserved global modes [21]
while the direct coupling analysis (DCA) extracts pairs
of strongly coupled sites [6]. Applied to natural se-
quence alignments, SCA identifies groups of evolutionary
conserved and coevolving sites called sectors, which are
found to be structurally connected and associated with
core functions of proteins [21]. DCA, on the other hand,
infers a ranked list of coevolving pairs, the top ones of
which are found to be in contact in the three-dimensional
structure [6]. Applying SCA to alignments generated
from the model, we recover as a sector essentially the
same set of sites that participate to the conformational
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d = 3
<latexit sha1_base64="hq/B6tx6VHeO X+qnd+ZtlQH3ybU=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwISVRQTdCwU2XFe0Dap EkndbBvJhMlFIEf8Ctfpr4B/oX3hmnoBbRCUnOnHvPmbn3+mnIM+k4rwVrZnZufqG4WF paXlldK69vtLIkFwFrBkmYiI7vZSzkMWtKLkPWSQXzIj9kbf/mVMXbt0xkPIkv5Chlvc gbxnzAA08Sdd4/ObgqV5yqo5c9DVwDKjCrkZRfcIk+EgTIEYEhhiQcwkNGTxcuHKTE9T AmThDiOs5wjxJpc8pilOERe0PfIe26ho1przwzrQ7olJBeQUobO6RJKE8QVqfZOp5rZ 8X+5j3WnupuI/r7xisiVuKa2L90k8z/6lQtEgMc6xo41ZRqRlUXGJdcd0Xd3P5SlSSHl DiF+xQXhAOtnPTZ1ppM16566+n4m85UrNoHJjfHu7olDdj9Oc5p0NqvuoTPDiu1PTPqI rawjV2a5xFqqKOBJnkP8YgnPFt1K7Zy6+4z1SoYzSa+LevhA4uWj9c=</latexit><latexit sha1_base64="hq/B6tx6VHeO X+qnd+ZtlQH3ybU=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwISVRQTdCwU2XFe0Dap EkndbBvJhMlFIEf8Ctfpr4B/oX3hmnoBbRCUnOnHvPmbn3+mnIM+k4rwVrZnZufqG4WF paXlldK69vtLIkFwFrBkmYiI7vZSzkMWtKLkPWSQXzIj9kbf/mVMXbt0xkPIkv5Chlvc gbxnzAA08Sdd4/ObgqV5yqo5c9DVwDKjCrkZRfcIk+EgTIEYEhhiQcwkNGTxcuHKTE9T AmThDiOs5wjxJpc8pilOERe0PfIe26ho1przwzrQ7olJBeQUobO6RJKE8QVqfZOp5rZ 8X+5j3WnupuI/r7xisiVuKa2L90k8z/6lQtEgMc6xo41ZRqRlUXGJdcd0Xd3P5SlSSHl DiF+xQXhAOtnPTZ1ppM16566+n4m85UrNoHJjfHu7olDdj9Oc5p0NqvuoTPDiu1PTPqI rawjV2a5xFqqKOBJnkP8YgnPFt1K7Zy6+4z1SoYzSa+LevhA4uWj9c=</latexit><latexit sha1_base64="hq/B6tx6VHeO X+qnd+ZtlQH3ybU=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwISVRQTdCwU2XFe0Dap EkndbBvJhMlFIEf8Ctfpr4B/oX3hmnoBbRCUnOnHvPmbn3+mnIM+k4rwVrZnZufqG4WF paXlldK69vtLIkFwFrBkmYiI7vZSzkMWtKLkPWSQXzIj9kbf/mVMXbt0xkPIkv5Chlvc gbxnzAA08Sdd4/ObgqV5yqo5c9DVwDKjCrkZRfcIk+EgTIEYEhhiQcwkNGTxcuHKTE9T AmThDiOs5wjxJpc8pilOERe0PfIe26ho1przwzrQ7olJBeQUobO6RJKE8QVqfZOp5rZ 8X+5j3WnupuI/r7xisiVuKa2L90k8z/6lQtEgMc6xo41ZRqRlUXGJdcd0Xd3P5SlSSHl DiF+xQXhAOtnPTZ1ppM16566+n4m85UrNoHJjfHu7olDdj9Oc5p0NqvuoTPDiu1PTPqI rawjV2a5xFqqKOBJnkP8YgnPFt1K7Zy6+4z1SoYzSa+LevhA4uWj9c=</latexit><latexit sha1_base64="hq/B6tx6VHeO X+qnd+ZtlQH3ybU=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwISVRQTdCwU2XFe0Dap EkndbBvJhMlFIEf8Ctfpr4B/oX3hmnoBbRCUnOnHvPmbn3+mnIM+k4rwVrZnZufqG4WF paXlldK69vtLIkFwFrBkmYiI7vZSzkMWtKLkPWSQXzIj9kbf/mVMXbt0xkPIkv5Chlvc gbxnzAA08Sdd4/ObgqV5yqo5c9DVwDKjCrkZRfcIk+EgTIEYEhhiQcwkNGTxcuHKTE9T AmThDiOs5wjxJpc8pilOERe0PfIe26ho1przwzrQ7olJBeQUobO6RJKE8QVqfZOp5rZ 8X+5j3WnupuI/r7xisiVuKa2L90k8z/6lQtEgMc6xo41ZRqRlUXGJdcd0Xd3P5SlSSHl DiF+xQXhAOtnPTZ1ppM16566+n4m85UrNoHJjfHu7olDdj9Oc5p0NqvuoTPDiu1PTPqI rawjV2a5xFqqKOBJnkP8YgnPFt1K7Zy6+4z1SoYzSa+LevhA4uWj9c=</latexit>
ranked pairs
<latexit sha1_bas e64="GA6UB3bpjtdlsdM7p84gbqSNNG8=" >AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgq qQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt /wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2 BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZR Kjze8yI9k22UJ90XIG0oon7djyVng+rzlj k51vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp 0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI 1v1qPiCDvqI4CFFAI4QirAPhoSeK1ThIC auiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4y NqS99kyM2qNTfHolKW3skyaiPElYn2abeG qcNfub98R46ruN6e9mXgGxCtfE/qWbZf5X p2tRGODE1CCoptgwujovc0lNV/TN7S9VKX KIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyU adxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvd WfefqVYu05TwbVkPH1IBlzs=</latexit><latexit sha1_bas e64="GA6UB3bpjtdlsdM7p84gbqSNNG8=" >AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgq qQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt /wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2 BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZR Kjze8yI9k22UJ90XIG0oon7djyVng+rzlj k51vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp 0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI 1v1qPiCDvqI4CFFAI4QirAPhoSeK1ThIC auiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4y NqS99kyM2qNTfHolKW3skyaiPElYn2abeG qcNfub98R46ruN6e9mXgGxCtfE/qWbZf5X p2tRGODE1CCoptgwujovc0lNV/TN7S9VKX KIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyU adxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvd WfefqVYu05TwbVkPH1IBlzs=</latexit><latexit sha1_bas e64="GA6UB3bpjtdlsdM7p84gbqSNNG8=" >AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgq qQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt /wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2 BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZR Kjze8yI9k22UJ90XIG0oon7djyVng+rzlj k51vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp 0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI 1v1qPiCDvqI4CFFAI4QirAPhoSeK1ThIC auiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4y NqS99kyM2qNTfHolKW3skyaiPElYn2abeG qcNfub98R46ruN6e9mXgGxCtfE/qWbZf5X p2tRGODE1CCoptgwujovc0lNV/TN7S9VKX KIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyU adxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvd WfefqVYu05TwbVkPH1IBlzs=</latexit><latexit sha1_bas e64="GA6UB3bpjtdlsdM7p84gbqSNNG8=" >AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgq qQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt /wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2 BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZR Kjze8yI9k22UJ90XIG0oon7djyVng+rzlj k51vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp 0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI 1v1qPiCDvqI4CFFAI4QirAPhoSeK1ThIC auiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4y NqS99kyM2qNTfHolKW3skyaiPElYn2abeG qcNfub98R46ruN6e9mXgGxCtfE/qWbZf5X p2tRGODE1CCoptgwujovc0lNV/TN7S9VKX KIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyU adxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvd WfefqVYu05TwbVkPH1IBlzs=</latexit>
ranked pairs
<latexit sha1_base64="GA6UB3bpjtdl sdM7p84gbqSNNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0Bbyi Sd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl 8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY9 4N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI 4QirAPhoSeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolK W3skyaiPElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwu jovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/x zkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH 1IBlzs=</latexit><latexit sha1_base64="GA6UB3bpjtdl sdM7p84gbqSNNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0Bbyi Sd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl 8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY9 4N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI 4QirAPhoSeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolK W3skyaiPElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwu jovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/x zkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH 1IBlzs=</latexit><latexit sha1_base64="GA6UB3bpjtdl sdM7p84gbqSNNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0Bbyi Sd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl 8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY9 4N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI 4QirAPhoSeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolK W3skyaiPElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwu jovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/x zkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH 1IBlzs=</latexit><latexit sha1_base64="GA6UB3bpjtdl sdM7p84gbqSNNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0Bbyi Sd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl 8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY9 4N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI 4QirAPhoSeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolK W3skyaiPElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwu jovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/x zkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH 1IBlzs=</latexit>
ranked pairs
<latexit sha1_base64="GA6UB3bpjtdl sdM7p84gbqSNNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0Bbyi Sd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl 8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY9 4N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI 4QirAPhoSeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolK W3skyaiPElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwu jovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/x zkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH 1IBlzs=</latexit><latexit sha1_base64="GA6UB3bpjtdl sdM7p84gbqSNNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0Bbyi Sd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl 8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY9 4N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI 4QirAPhoSeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolK W3skyaiPElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwu jovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/x zkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH 1IBlzs=</latexit><latexit sha1_base64="GA6UB3bpjtdl sdM7p84gbqSNNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0Bbyi Sd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl 8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY9 4N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI 4QirAPhoSeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolK W3skyaiPElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwu jovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/x zkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH 1IBlzs=</latexit><latexit sha1_base64="GA6UB3bpjtdl sdM7p84gbqSNNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0Bbyi Sd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl 8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY9 4N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI 4QirAPhoSeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolK W3skyaiPElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwu jovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/x zkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH 1IBlzs=</latexit>
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<latexit sha1_base64="sZ9qbRK1+nXoDMMJo5YvGEWhZHk="></latexit><latexit sha1_base64="sZ9qbRK1+nXoDMMJo5YvGEWhZHk="></latexit><latexit sha1_base64="sZ9qbRK1+nXoDMMJo5YvGEWhZHk="></latexit><latexit sha1_base64="sZ9qbRK1+nXoDMMJo5YvGEWhZHk="></latexit>
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<latexit sha1_base64="xDaNyee4vdDwZAm8MzciQiBCfQs="></latexit><latexit sha1_base64="xDaNyee4vdDwZAm8MzciQiBCfQs="></latexit><latexit sha1_base64="xDaNyee4vdDwZAm8MzciQiBCfQs="></latexit><latexit sha1_base64="xDaNyee4vdDwZAm8MzciQiBCfQs="></latexit>
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FIG. 5: Conservation and coevolution in multiple sequence
alignments. Three alignments of 1000 sequences were gener-
ated from the same ancestral sequence, corresponding to the
second column of Fig. 4, but under different selective pres-
sures: A. exquisite discrimination alone, B. stability alone,
C. the two selections jointly. The first row indicates how the
measure of evolutionary conservation Di defined in Eq. (4)
varies from site to site. The second row indicates the mean
value of the SCA correlation matrix 〈C˜ij〉j for each site i,
a quantity that combines conservation and coevolution [21].
The third row displays the performance of contact predic-
tion by plmDCA [23]: pairs of sites are ranked from most
to least coevolving and for the top r pairs, the fraction in
contact in the cylindrical structure is reported as a function
of r, with contact defined either as distance d = 1 (in blue),
d = 2 (orange) or d = 3 (green). Selection for discrimination
produces a set of evolutionary conserved and correlated sites
that correspond to sites showing a strong mutational effect in
the ancestral sequence (2nd column, 3rd row of Fig. 4), but
only few coevolving contacts. Selection for stability produces
a different pattern, without strongly conserved sites but with
many coevolving contacts. Finally, joint selection for discrim-
ination and stability generates both a set of conserved sites
and many coevolving contacts.
switch and are identified from evolutionary conservation
(Fig. 5), comparable to what is obtained with natural
alignments of proteins with a single sector. SCA com-
bines conservation and correlations and here the sector is
mostly controlled by conservation. In alignments of nat-
ural proteins, sequences of different specificities are often
present which enhance the correlations. Applying DCA
yields top coevolving pairs that are in structural contact
(Fig. 5B); their number, however, is small compared to
what is obtained from natural alignments of similar size
and diversity.
One addition to the model is sufficient to correct for
this discrepancy: a selective constraint on thermal sta-
bility. Our model indeed assumes that all sequences are
folded into the same cylindrical shape without consider-
ing the possibility for some mutations to destabilize this
structure. A simple way to integrate this possibility with-
out explicitly modeling folding is to impose a maximal
value F ∗ for the free energy F (a, `0): above this value,
the system is considered unfolded. To account for the
fact that natural proteins are only marginally stable [22],
we choose F ∗ well below the typical values of F (a, `0) in
absence of stability constraint (Fig. S7) but well above
what may be obtained by minimizing F (a, `0) (Fig. S8).
As shown in Fig. 5B, the constraint F (a, `0) ≤ F ∗ alone is
sufficient to generate a large number of coevolving con-
tacts, irrespectively of the exact value of F ∗ (Fig. S9).
Imposing jointly the two selective pressures, exquisite dis-
crimination and thermal stability, reproduces both fea-
tures of natural alignments, a localized and evolutionarily
conserved sector controlling binding affinity and speci-
ficity, and a large number of coevolving and contacting
pairs of sites distributed across the structure (Fig. 5C
and Fig. S10).
IV. DISCUSSION
Proteins derive their many functions from a few key
properties, amongst which the capacity to stably fold
into three-dimensional structures (stability), to selec-
tively bind distinct ligands and substrates (specificity),
to be regulated through long-range effects (allostery) and
to adapt to changing selective pressures (evolvability).
These different properties have been characterized in a
number of instances but understanding how they are en-
coded into amino acid sequences remains a challenge.
One puzzling feature is the ubiquity of long-range effects:
mutational and evolutionary studies concur to indicate
that binding and catalysis are affected by substitutions
of amino acids more than 10 A˚ from the active site [1].
Another puzzling feature is the co-existence of two types
of coevolution patterns in multiple sequence alignments:
structurally connected groups of coevolving amino acids
called sectors [4, 5] as well as a variety of more isolated
pairs of coevolving amino acids in contact in the three-
dimensional structure [6]. Beyond case-by-case descrip-
tions and statistical modeling, what explains the muta-
tional and evolutionary patterns that we observe in pro-
tein sequences? To what extent are the different key
properties of proteins independent of each other? With-
out necessarily seeking to retrace natural history, what
parsimonious evolutionary scenarios may generate com-
parable sequences and phenotypes?
Here, we proposed and analyzed such a scenario, which
is based on one primary selective pressure, the require-
ment to achieve fine molecular recognition. First, we
showed in a variety of different physical contexts, how
discriminative binding requires a finely tuned conforma-
tional switch. Second, we argued that fine tuning may
involve an extended subpart of the system to benefit from
an enlarged evolutionary space. We then showed that
extended sectors indeed emerge in a physical model with
short range interactions where selection operates only lo-
cally. Third, we showed that the sensitivity of this sector
to perturbations implies a potential to evolve allosteric
7regulation and to adapt to new selective pressures. The
model explains both the conformation changes observed
in protein structures and the coevolving sectors observed
in protein sequences. In this scenario, adaptability is
not opposed to high-performance but comes as its natu-
ral consequence. The arguments are partly independent
of the physical nature of the system, which only needs
to be a structured network with short-range interactions
subject to evolution. We therefore chose to illustrate
the scenario with one of the simplest physical models,
a spin model. Finally, we showed how the second type
of coevolution patterns, distributed pairs of coevolving
contacts, can be explained within the same framework
by taking into account an additional selective pressure,
thermal stability. Our evolutionary scenario is parsimo-
nious in the sense that only two selective pressures, dis-
criminative binding and thermal stability, are invoked,
with long-range effects arising as a by-product.
This is in sharp contrast with several physical mod-
els recently been proposed for the evolution of allostery,
which are based on a direct selection for long-range regu-
lation [15, 24–27]. A general evolutionary argument and
specific experiments, however, argue strongly against a
direct selection for long-range effects in the initial steps
of the evolution of allosteric regulation. From an evolu-
tionary perspective, the emergence of allostery by direct
selection for regulation is indeed considered implausible
in the biological literature as it assumes the concerted
evolution of two proteins, one becoming regulated and
the other one regulating it [28]. As for the evolution
of other complex systems, the conundrum disappears if
considering the pre-existence of components and prop-
erties that evolved under unrelated selective pressures.
The evolution of allosteric regulation is, instead, easily
explained if long-range effects pre-exist any direct selec-
tive pressure to evolve them. The proposal that proteins
have an inherent propensity for allostery has been made
previously [29] and is strongly supported by a number of
experimental results, starting with the repeated discov-
ery of serendipitous allosteric sites with non-physiological
effectors [30, 31]. Latent allostery is also demonstrated
by the successful engineering of allosteric regulation at
several surface sites of a protein [32–34]; these sites were
not known as regulatory targets but, consistent with our
model, they are evolutionarily linked through a sector
to the active site. These works, and more generally the
ubiquity of long-range effects in proteins [1–4], unequiv-
ocaly reveal the prevalence of latent allostery. Finally,
compelling evidence for pre-existing long-range effects as
precursors of allosteric regulation is provided by an ex-
perimental study of MAP kinases [35]: an effector A al-
losterically regulating a kinase K in one species of yeast
was shown to regulate evolutionary related kinases K ′ in
other species where no such regulation or analog to A had
evolved, in line with a scenario where that A had an al-
losteric effect on the common ancestor of K and K ′ prior
to any selection for allosteric regulation. While convinc-
ingly indicating latent allostery as an origin of allosteric
regulation, these past studies do not explain, however,
how latent allostery arises in the first place. Our model
is the first, to our knowledge, to provide a possible ex-
planation.
Our evolutionary scenario also contrasts with other ex-
planations for the origin of evolvability. In some previous
models, flexibility is linked to evolvability, but evolution
under constant selective pressure leads to a phenomenon
of canalization where flexibility and evolvability both be-
come increasingly limited [36]. This is resolved in other
models by considering an evolutionary history of tem-
porally varying selecting pressures where, for instance,
the nature of the ligand changes in the course of evolu-
tion. [15, 37, 38]. While such fluctuations are likely to be
relevant to protein evolution, our model shows that they
are not necessary to generate evolvable proteins. The two
factors, selection for exquisite discrimination and fluctu-
ating selective pressures, are however non-exclusive and
may reinforce each other. In our model, a fluctuating
selection may thus contribute to select for systems with
more extended conformational switches. The two factors
may in fact reflect the same principle: the presence of
related but partly conflicting constraints. The relation-
ship between these constraints may be more critical than
their simultaneous or successive occurrence.
The contribution of conformational changes to molec-
ular recognition has also been explained by a different
mechanism called conformational proofreading [39]. In
this model, a structural mismatch between the protein
and its substrates favors correct recognition by penaliz-
ing binding to the wrong ligand more than it does to
the right ligand. Here, we considered a stronger notion
of molecular recognition called exquisite discrimination
where binding to the wrong ligand is less favorable than
binding to the solvent in addition to being less favorable
than binding to the right ligand. We showed exquisite
discrimination to be achievable through a particular type
of conformational change, which can in particular take
the form of a switch between two local minima of the po-
tential (Fig. 1A). While conformational proofreading is
particularly relevant to proteins involved in search pro-
cesses [40], exquisite discrimination may be more relevant
to enzymes, which have to bind to a reactant but release
its product. Despite differences, the two mechanisms im-
ply a similar notion of fine-tuning, which we propose here
to be a sufficient factor for evolving an extended set of
coupled sites.
By examining the implications of discriminative recog-
nition, our model complements the many studies focused
on the folding and thermal stability of proteins. This in-
cludes models that analyzed the interplay between bind-
ing affinity and thermal stability [41–43]. Our model il-
lustrates a simple dichotomy. On one hand, selection
for exquisite discrimination leads to a conserved set of
coevolving positions structurally connected to the bind-
ing site, analogous to the sectors inferred from multi-
ple sequence alignment of natural proteins [21]. On the
other hand, constraints on thermal stability lead to a
8large number of contacting coevolving sites distributed
across the structure, analogous again to what is found in
natural proteins [6]. Consistent with this scenario, the
method that best infers structural contacts from coevo-
lution (DCA) is also very effective at scoring sequences
for their thermal stability [44, 45]. Our model treats un-
folded conformations implicitly but the generation of co-
evolving contacts from selection for thermal stability was
previously demonstrated in lattice protein models where
unfolded conformations are explicitly considered [46]. At
the origin of the two distinct statistical signatures are two
essential differences between binding and stability con-
straints. Physically, binding involves a localized interac-
tion while stability is a structurally distributed property.
Evolutionarily, selective pressures on stability are typi-
cally less stringent than selective pressures on binding, as
reflected by the marginal stability of most globular pro-
teins [22] and the scarcity of mutations improving binding
in wild-type proteins [47]. As a result, the stability prob-
lem has high entropy in sequence space, with different
solutions involving different isolated interactions, while
the binding problem has low entropy, with solutions all
involving essentially the same clustered interactions.
Partial or global unfolding induced by perturbations
at sites contributing to thermal stability, which may be
located arbitrarily far from the active site, is in fact an-
other mechanism by which protein activity may respond
to distant perturbations without any explicit selection for
allosteric regulation. Allosteric switches based on par-
tial or global unfolding are indeed documented in several
proteins [48] and can provide a mechanism for adapta-
tion [49]. For such mechanism, no evolutionarily con-
served pathway linking the allosteric site to the active
site is necessary.
Thermal fluctuations around a folded state also pro-
vide a way by which perturbations may propagate
through long distances, possibly without major confor-
mational change [50]. This mechanism is evidenced in
some proteins [51] and is explained by elastic inhomo-
geneities [52]. As these inhomogeneities are generic fea-
tures of proteins, their presence may also precede any se-
lection for allosteric regulation. Following our approach,
it would be interesting to study this other scenario, tak-
ing into account the demonstrated relation to coevolving
contacts [53]. This scenario may depend on the nature of
the physical interactions since, at least in some proteins,
fluctuation-based allostery operates through elastic mo-
tions [53]. Spin models, where only a few discrete states
are accessible at each site, may instead be more suited to
a description of side-chain fluctuations between a few ro-
tameric states attached to a fixed backbone, which dom-
inate fluctuations in some other proteins [11]. Going be-
yond the generic effects analyzed in this work to study
evolutionary scenarios that rely on more specific physical
mechanisms is a natural avenue for future work.
While other evolutionary scenarios are possible and
should be considered, the present scenario can already
be confronted to experimental tests. First, it is possi-
ble to analyze the physical underpinning of the different
coevolution patterns. Our model predicts that mutating
sector positions impacts function (binding, catalysis) and
possibly also thermal stability, while mutating coevolv-
ing contacts outside of sectors impacts mostly thermal
stability. The idea that multiple sequence alignments
contain correlations of different nature is already a key
principle behind the statistical coupling analysis (SCA),
where the most conserved correlations are up-weighted to
highlight functional coevolution [4, 21]. This approach
is supported by several experimental studies, including
the design of functional proteins by reproducing the pat-
terns of functional coevolution [54, 55]. The same prin-
ciples may be extended to design sequences enhancing
or ignoring other types of correlations found in multi-
ple sequence alignments. For instance, in the context of
the direct coupling analysis (DCA), which also provides
a generative model [56], we may predict that designing
sequences at low statistical temperature will lead to more
stable proteins.
A direct experimental test of the central idea that a
selection for exquisite discrimination is sufficient to gen-
erate an extended sector is also possible. This can be
done in two steps. First, proteins can be evolved to have
desired specificities, using methods of directed evolution
such as phage or yeast display [57, 58]. These methods
allow for the selection of proteins with high affinity to
an arbitrary target ligand from populations of billions
of different variants of a protein. This selection can be
repeated with intervening steps of mutations and amplifi-
cation, thus emulating in vitro evolution by natural selec-
tion. Specificity can be controlled by combining positive
selection for binding to immobilized targets with nega-
tive selection for not binding to soluble targets that are
washed away. The approach is powerful enough to gener-
ate proteins specific to a particular conformational state
of a target protein [59] or, on the contrary, cross-reactive
to a range of variants of a target protein [60]. Second, the
presence of long-range effects can be assayed by screen-
ing and sequencing mutants of the evolved proteins [61].
Starting from an artificially evolved protein, a population
of mutants can be produced and selected for specific bind-
ing: using high-throughput sequencing, the frequency of
each mutant before and after selection can be known,
which reveals which mutations have an effect on bind-
ing. Our prediction is that proteins evolved to be highly
specific will exhibit more deleterious mutations far from
their binding site. As specificity can be finely controlled
during selection and as sensitivity to mutations can be
assayed quantitatively and mapped to three-dimensional
structures within a few angstroms, these experiments can
not only test the prediction of our toy model but provide
data for elaborating more accurate models.
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APPENDIX
A. Fitness function for exquisite discrimination
Two ligands `r and `w with binding free energies
∆Fr(a) and ∆Fw(a) and chemical potentials µr and
µw have, at thermal equilibrium, probabilities pr(a) and
pw(a) to bind, with
pk(a) =
e−β(∆Fk(a)−µk)
1 + e−β(∆Fr(a)−µr) + e−β(∆Fw(a)−µw)
, (S1)
where k = r or w. If binding to `r is desirable and binding
to `w is not, the sequence a has to maximize pr(a) and
minimize pw(a). The problem may be formalized as the
optimization of a fitness function φ(a) that is a decreasing
function of ∆Fr(a) and an increasing function of ∆Fw(a).
The choice of φ(a) = min(−∆Fr, (a),∆Fw(a)) leads
to one of the simplest fitness functions that captures this
trade-off. Imposing φ(a) > 0 is equivalent to impos-
ing F (a, `r) < F (a, `0) < F (a, `w). As another impor-
tant factor controlling the difficulty of discrimination is
the relative concentration of the two ligands. A natu-
ral generalization is therefore φ(a) = min(−∆Fr(a) +
µ,∆Fw(a)− µ), so that φ(a) > 0 is equivalent to impos-
ing F (a, `r) − µ < F (a, `0) < F (a, `w) − µ. We show
in Fig. S2 that taking µ = −1 or µ = +1 gives similar
results than µ = 0.
To further demonstrate the robustness of the results to
the choice of the fitness function, we also show that the
less physical choice of φ(a) = −∆Fr(a)×∆Fw(a), corre-
sponding to the requirement that ∆Fr, (a) and ∆Fw(a)
should both have large absolute values but opposite signs,
also gives similar results (Fig. S2).
B. Unidimensional models
The potentials U(x, a, `) = U(x, h = `−a) of the mod-
els presented in Fig. 1 have a common symmetry:
U(x,−h) = U(−x, h). (S2)
The free energy F (h) = −β−1 ln ∫ dx e−βU(x,h) is there-
fore symmetric around h = 0: F (h) = F (−h), where
F (h) is a decreasing function of h for h > 0. Given
`0, `r, `w, three different cases thus arise when consider-
ing the existence of a satisfying the condition F (a, `r) <
F (a, `0) < F (a, `w):
(i) if `w < `0 < `r (respectively, `r < `0 < `w), the
condition is satisfied by taking any a < `w (resp. any
a > `w) so that `w − a, `0 − a, `r − a are of same sign.
(ii) if `0 < `w < `r (respectively, `r < `w < `0), the
condition is satisfied by taking `w−a < −`0 +a < `r−a,
i.e. (`0 + `w)/2 < a < (`0 + `r)/2 (resp. `w − a <
−`0 + a < `r − a, i.e. (`0 + `r)/2 < a < (`0 + `w)/2) so
that `w − a, `r − a on one hand and `0 − a on the other
are of opposite signs.
(iii) if `0 < `r < `w (respectively, `w < `r < `0), the
condition cannot be satisfied.
As 〈x〉−h = −〈x〉h, (ii) involves a change of sign
for the mean conformation while (i) does not. For
the models of Fig. 1, solutions to (i) in fact exist that
have arbitrarily small relative conformational changes,
(〈x〉hr − 〈x〉h0)/〈x〉h0 → 0, obtained for a→ ±∞.
The problem of exquisite discrimination is to be com-
pared to the problem of maximizing the affinity to a sin-
gle target `r. As ∂
2F (h)/∂h2 = −(〈x2〉h − 〈x〉2h) ≤ 0,
F (h) is concave. In general, it is even strictly con-
cave, the single-spin model at zero temperature where
F (h) = −|h| being a degenerate case. This implies that
F (a, `r)−F (a, `0) is minimized by taking a→ +∞ when
`r > `0 and a → −∞ when `r < `0. More generally,
the condition F (a, `r) < F (a, `0) may be seen as a limit
of the condition F (a, `r) < F (a, `0) < F (a, `w) when
sign(`0)(`0 − `w)→ 0+, corresponding to case (i).
Single-spring elastic network
The model of Fig. 1A is defined by
U(x, h) =
1
2
k(|x| − r)2 − hx, x ∈ R, (S3)
which verifies U(x,−h) = U(−x, h). Here, k > 0 repre-
sents the stiffness of the spring and r > 0 its equilibrium
length. While it is possible to write a general analytical
formula for the free energy F (h) at any β, it is more illu-
minating to consider the zero-temperature limit β →∞.
In this limit, F (h) = minx U(x, h) is reached for x = xˆ(h)
with
F (h) = −1
2
h2
k
− |h|r, xˆ(h) = h
k
+ sign(h)r. (S4)
F (h) and xˆ(h) are represented in Fig. 1A for r = 1, k = 2,
h0 = −1/2, hw = 1/4, hr = 3/4.
Two-spring elastic network
The model of Fig. 1B is defined by
U(x, h) = k
(√
x2 + d2 − r
)2
− hx, x ∈ R, (S5)
which verifies U(x,−h) = U(−x, h). Here, k > 0 repre-
sents the common stiffness of the two springs, r > 0 their
common equilibrium length and 2d > 0 the distance be-
tween the two fixed points at which they are attached.
In the zero temperature limit β →∞, the free energy is
the minimum of U(x, h), reached for xˆ(h) solution to
xˆ(h)
(
1− r√
xˆ(h)2 + d2
)
=
h
2k
. (S6)
In Fig. 1B, the graph of F (h) versus h is obtained by
parametrizing F (h) and h by xˆ: F (h) = U(xˆ, h(xˆ)) and
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h(xˆ) = 2kxˆ(1 − r(xˆ2 + d2)−1/2). Fig. 1B corresponds
to k = 1, r = 1, h0 = −1/2, hw = 1/4, hr = 3/4.
Depending on the value of r, U(x, h) may have either
one or two local minima (Fig. S1).
Single-node harmonic model
A single-node Gaussian elastic network model is de-
fined by
U(x, h) =
1
2
k(x− r)2 − hx, x ∈ R. (S7)
It verifies U(x,−h) = U(−x, h) only for r = 0 but the
model is physically equivalent to a model with potential
V (x, h) = U(x + r, h) + hr which verifies V (x,−h) =
V (−x, h) for any r. The conclusions are therefore the
same as for the previous models. The free energy is
F (h) = −h
2
2k
− hr + 1
2β
ln
βk
2pi
. (S8)
It corresponds graphically to an inverted parabola, qual-
itatively similar to F (h) for the models of Fig. 1.
Shape space model
In shape space models [1], no flexibility is considered
and the conformations x are formally identified with the
sequences a. The sequences a and ligands ` are points
in a d-dimensional Euclidean space and the binding en-
ergy between a and ` is a function of their Euclidean
distance, in the simplest case F (a, `) = ‖a − `‖2. In
dimension d = 1, this corresponds to F (h) = |h| and
exquisite discrimination is possible when `0 < `r < `w
provided (`0 + `r)/2 < a < (`0 + `w)/2, similar to the
criterion derived for elastic models.
Single-spin model
The model of Fig. 1C is defined by
U(x, h) = −hx, x ∈ {−1,+1}, (S9)
which verifies U(x,−h) = U(−x, h). The free energy is
F (h) = −β−1 ln (eβh + e−βh) . (S10)
In the zero-temperature limit β → ∞, F (h) = −|h|,
which is identical up to the sign to the free energy of a
one-dimensional shape space model.
Let assume `0 = 0 and `r > 0 to analyze the nature
of the solutions satisfying Fr < F0 < Fw where Fr =
F (a, `r), F0 = F (a, `0) and Fw = F (a, `w). We proceed
by examining the different possible cases:
1. if a > 0, then F0 = −a and Fr = −a − `r satisfies
Fr < F0.
1.1. if a < −`w, then Fw = a + `w and F0 < Fw
implies −a < a+ `w, i.e., −`w/2 < a. In total, −`w/2 <
a < −`w. This is possible provided `w < 0. In this case,
Fr−F0 = −`r < 0 and Fw−F0 = `w + 2a ≤ −`w, whose
maximum is reached for aˆ = −`w, yielding Fw − F0 =
−`w > 0. A solution exists in this case.
1.2. if −`w < a, then Fw = −a − `w and F0 < Fw
implies−a < −a−`w, i.e., `w < 0. In total, 0 < −`w < a.
This is possible provided `w < 0. In this case, Fr −F0 =
−`r < 0, Fw − F0 = −`w > 0 independent of the value
of a. A solution exists in this case.
2. if a < 0, then F0 = a.
2.1. if a < −`r, Fr = a + `r and Fr < F0 implies
a + `r < a, which is inconsistent with the assumption
that `r > 0. No solution exists in this case.
2.2. if −`r < a, Fr = −a− `r and Fr < F0 implies
−a− `r < a, i.e., −`r/2 < a.
2.2.1. if a < −`w, Fw = a + `w and F0 < Fw
implies a < a + `w, i.e., `w > 0. In total, −`r/2 < a <
−`w < 0. This is possible provided 0 < `w < `r/2. In
this case, F0 − Fr = 2a + `r ≤ `r − 2`w, Fw − F0 = `w
with maximum reached for aˆ = −`w.
2.2.2. if −`w < a, Fw = −a − `w and F0 <
Fw implies a < −a − `w, i.e., a < −`w/2. In total,
max(−`r/2,−`w) < a < −`w/2. Possible provided 0 <
`w < `r. F0 − Fr = 2a+ `r ≤ `r − `w, Fw − F0 = −2a−
`w ≤ min(`r− `w, `w), which cannot be both maximized.
If maximizing min(F0−Fr, Fw−F0), the optimum is for
aˆ = −(`r + `w)/2 in which case F0 − Fr = Fw − F0 =
(`r − `w)/2.
All together, the nature of the solution depends on the
ratio `w/`r:
– if `w/`r < 0: two solutions, xˆ0 = +, xˆr = +,
xˆw = ±, with xˆw = + for the solution optimizing φ(a);
– if 0 < `w/`r < 1/2: two solutions xˆ0 = −, xˆr =
+, xˆw = ±, with xˆw = − for the solution optimizing
φ(a);
– if 1/2 < `w/`r < 1: one solution xˆ0 = −, xˆr = +,
xˆw = +;
– 1 < `w/`r: no solution.
A switch is thus involved whenever `0 < `w < `r.
C. Two-dimensional spin model
Given fields hi(ai) and couplings Jij(ai, aj) defined re-
spectively on each node i and each edge ij of the lattice
represented in Fig. 2A, and given an external field ` ap-
plied to the red node b in Fig. 2A, the free energy F (a, `)
is computed exactly from Eq. (1) by transfer matrices us-
ing free boundary conditions for the spins at the left and
right extremities. Performing the calculation from right
to left allows for an efficient evaluation of F (a, `) for dif-
ferent values of ` since in this case changing ` affects only
the last layer.
The capacity of a system to discriminate between two
ligands `r and `w is scored by φ(a) given by Eq. (2).
To evolve systems under a selection for discrimination, a
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Metropolis Monte Carlo procedure is followed. It starts
from a random sequence and generates a trajectory by
iterating T times the following steps: a site i is cho-
sen at random, an a′i 6= ai is chosen at random between
the q − 1 possibilities, and the substitution is accepted
if r < exp(γ(φ(a′)− φ(a))) where r is a random number
uniformly drawn in [0, 1] and a′ is sequence a with a′i sub-
stituted for ai. The parameters γ = 100 and T = 1000
are taken. As shown in Fig. S12A, this number of itera-
tions is sufficient for φ(a) to reach an equilibrium value.
This value is in most case close to the theoretical max-
imum that φ(a) may reach (Fig. 3). This maximum is
the same for the two-dimensional spin model and for the
single-spin model. It is reached when F (h0 = a + `0) =
(F (hr = a+ `r) +F (hw = a+ `w))/2 with F (h) given by
Eq. (S10). With the parameters taken in the main text,
maxa φ(a) ' 0.41.
The different systems in Fig. 4 correspond to differ-
ent choices of the function hi(ai) and Jij(ai, aj). Differ-
ent solutions may also be obtained with the same map-
ping between sequences a and fields hi(ai) and couplings
Jij(ai, aj) but different initial conditions or/and different
series of proposed mutations. The system in the second
column of Fig. 4 (with ω¯r = 0.11) is evolved under an
additional constraint for thermal stability to serve as a
common ancestral sequence for the alignments of Fig. 5.
Thermal stability
A system is considered thermally stable if its free en-
ergy is below a fixed threshold, F (a, `0) < F
∗. In Fig. 5,
the value F ∗ = −350 is chosen for being smaller than
the free energy of systems evolved without stability con-
straints (Fig. S7, top left panel) but larger than the
free energy of systems optimized for thermal stability
(Fig. S8).
To evolve stable and functional sequences, we first gen-
erate a stable sequence by a Metropolis Monte Carlo pro-
cedure where the scoring function is −F0(a) rather than
φ(a) and stop the iterations as soon as the condition
F (a, `0) < F
∗ is fulfilled. Starting from this stable se-
quence, we then generate a trajectory as before with the
only modification that mutations causing F (a, `0) > F
∗
are systematically rejected (Fig. S11). The systems thus
produced are marginally stable with free energies F (a, `0)
close to the threshold F ∗ (Fig. S7).
Characterization
The mean conformations 〈xi〉a,`r entering the defini-
tion of ωi,r(a) in Eq. (3) are computed exactly by transfer
matrices. In Fig. 3, only the fittest evolved systems with
φ(a) > 0.35 are considered, which represent 94% of 1000
evolved sequences. How ω¯r(a) relates to φ(a) is shown in
Fig. S5B.
To quantify evolvability in Fig. 3B, we fix an interval
of phenotypes of interest [`min, `max] = [−1, 4], partition
it into small subintervals of length δ = 0.1, and for each
single mutant a′ of a given sequence a find, if it exists, the
interval to which `r(a
′) belongs. The fraction of subinter-
vals covered by the (q−1)W (L+1) single-point mutants
of a defines ε(a), a measure of the phenotypic diversity
its neighborhood in sequence space. How ε(a) relates to
φ(a) is shown in Fig. S5D. How the results depend on
the choice of δ is shown in Fig. S4.
In Fig. 4, the sizes of the red dots in A are proportional
to ωi,r defined in Eq. (3), the sizes of the green dots in
B are proportional to ∆hiφ, defined for each site i as the
maximal decrease in fitness φ when adding either h′i = −2
and h′i = +2 to hi(ai) at i, and the sizes of the blue dots
in C are proportional to ∆aiφ, defined for each site i
as the mean loss in fitness when considering all possible
q−1 mutations of ai. The distribution of the effects of all
single and double mutations are shown in Fig. S12B-C.
Multiple sequence alignments
The three alignments of Fig. 5 are all generated from
the same ancestral sequence, a stable and functional se-
quence that corresponds to the second column of Fig. 4
(Fig. S11). The M = 1000 sequences in each alignment
are obtained from independent trajectories starting from
this sequence.
For the first alignment (labelled “discrimination”), no
constraints of stability is enforced (formally F ∗ =∞) and
selection is based on φ(a) given by Eq. (2). For the sec-
ond alignment (“stability”), no constraint on discrimina-
tion is enforced (formally γ = 0) and selection is limited
to F (a, `0) < F
∗. For the third alignment (“discrimina-
tion + stability”), the two selective constraints are jointly
imposed. The distributions of F (a, `0) and φ(a) in these
three alignments are shown in Fig. S7. Taking a larger or
smaller value of F ∗ leads to similar conclusions (Fig. S9).
Inference of coevolution
Given an alignment, coevolving contacts are inferred
by the pseudo-likelihood maximization method for direct
coupling analysis [2] using an implementation in Julia [3]
with default parameters except for a reduced alphabet of
q = 5 amino acids. The algorithm outputs a ranked list
of coevolving pairs. Contacts are defined based on the
distance d between nodes in the lattice of Fig. 2A: d = 1
refers to two nodes connected by an edge and d ≥ 2 to two
nodes connected by d edges through d − 1 intermediate
nodes.
For Fig. 4, the SCA matrix C˜ij is calculated as de-
scribed in Box 1 of Ref. [4] without any preprocessing
except for a regularization parameter λ = 0.1. Back-
ground frequencies are taken to be 1/q for all q = 5
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amino acids. Fig. S4 shows the mean values 〈C˜ij〉j of each row i of the matrix C˜ij .
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FIG. S1: Potential U(x, h) for the model of Fig. 1B with springs of different equilibrium length r. U(x, h) is given by (S5)
with here k = 1, d = 1, h0 = −1/2, hw = 1/4, hr = 3/4 such that minx U(x, hr) < minx U(x, h0) < minx U(x, hw), i.e., the
global minimum of the blue curve is in-between the global minima of the red and green curves. For r ≤ 1, U(x, h) has a single
minimum while for r > 1 it has two minima. Fig. 1B corresponds to r = 1.
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"
<latexit sha1_base64="10cwO1sVivygyBsqZS5C8loCFYg=">AAACz nicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgxmUF+4C2SJJO69AkEyaTQinFrT/gVj9L/AP9C++MKahFdEKSM+eec2fuvX4S8lQ5zmvBWlldW98ob pa2tnd298r7B61UZDJgzUCEQnZ8L2Uhj1lTcRWyTiKZF/kha/vjSx1vT5hMuYhv1DRh/cgbxXzIA08R1e1NPMmSlIcivi1XnKpjlr0M3BxUkK+GKL +ghwEEAmSIwBBDEQ7hIaWnCxcOEuL6mBEnCXETZ5ijRN6MVIwUHrFj+o5o183ZmPY6Z2rcAZ0S0ivJaeOEPIJ0krA+zTbxzGTW7G+5ZyanvtuU/n 6eKyJW4Y7Yv3wL5X99uhaFIS5MDZxqSgyjqwvyLJnpir65/aUqRRkS4jQeUFwSDoxz0WfbeFJTu+6tZ+JvRqlZvQ9ybYZ3fUsasPtznMugVau6hK/ PKvVaPuoijnCMU5rnOeq4QgNN0/FHPOHZalgTa27df0qtQu45xLdlPXwA1C2T+A==</latexit><latexit sha1_base64="10cwO1sVivygyBsqZS5C8loCFYg=">AAACz nicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgxmUF+4C2SJJO69AkEyaTQinFrT/gVj9L/AP9C++MKahFdEKSM+eec2fuvX4S8lQ5zmvBWlldW98ob pa2tnd298r7B61UZDJgzUCEQnZ8L2Uhj1lTcRWyTiKZF/kha/vjSx1vT5hMuYhv1DRh/cgbxXzIA08R1e1NPMmSlIcivi1XnKpjlr0M3BxUkK+GKL +ghwEEAmSIwBBDEQ7hIaWnCxcOEuL6mBEnCXETZ5ijRN6MVIwUHrFj+o5o183ZmPY6Z2rcAZ0S0ivJaeOEPIJ0krA+zTbxzGTW7G+5ZyanvtuU/n 6eKyJW4Y7Yv3wL5X99uhaFIS5MDZxqSgyjqwvyLJnpir65/aUqRRkS4jQeUFwSDoxz0WfbeFJTu+6tZ+JvRqlZvQ9ybYZ3fUsasPtznMugVau6hK/ PKvVaPuoijnCMU5rnOeq4QgNN0/FHPOHZalgTa27df0qtQu45xLdlPXwA1C2T+A==</latexit><latexit sha1_base64="10cwO1sVivygyBsqZS5C8loCFYg=">AAACz nicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgxmUF+4C2SJJO69AkEyaTQinFrT/gVj9L/AP9C++MKahFdEKSM+eec2fuvX4S8lQ5zmvBWlldW98ob pa2tnd298r7B61UZDJgzUCEQnZ8L2Uhj1lTcRWyTiKZF/kha/vjSx1vT5hMuYhv1DRh/cgbxXzIA08R1e1NPMmSlIcivi1XnKpjlr0M3BxUkK+GKL +ghwEEAmSIwBBDEQ7hIaWnCxcOEuL6mBEnCXETZ5ijRN6MVIwUHrFj+o5o183ZmPY6Z2rcAZ0S0ivJaeOEPIJ0krA+zTbxzGTW7G+5ZyanvtuU/n 6eKyJW4Y7Yv3wL5X99uhaFIS5MDZxqSgyjqwvyLJnpir65/aUqRRkS4jQeUFwSDoxz0WfbeFJTu+6tZ+JvRqlZvQ9ybYZ3fUsasPtznMugVau6hK/ PKvVaPuoijnCMU5rnOeq4QgNN0/FHPOHZalgTa27df0qtQu45xLdlPXwA1C2T+A==</latexit><latexit sha1_base64="10cwO1sVivygyBsqZS5C8loCFYg=">AAACz nicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgxmUF+4C2SJJO69AkEyaTQinFrT/gVj9L/AP9C++MKahFdEKSM+eec2fuvX4S8lQ5zmvBWlldW98ob pa2tnd298r7B61UZDJgzUCEQnZ8L2Uhj1lTcRWyTiKZF/kha/vjSx1vT5hMuYhv1DRh/cgbxXzIA08R1e1NPMmSlIcivi1XnKpjlr0M3BxUkK+GKL +ghwEEAmSIwBBDEQ7hIaWnCxcOEuL6mBEnCXETZ5ijRN6MVIwUHrFj+o5o183ZmPY6Z2rcAZ0S0ivJaeOEPIJ0krA+zTbxzGTW7G+5ZyanvtuU/n 6eKyJW4Y7Yv3wL5X99uhaFIS5MDZxqSgyjqwvyLJnpir65/aUqRRkS4jQeUFwSDoxz0WfbeFJTu+6tZ+JvRqlZvQ9ybYZ3fUsasPtznMugVau6hK/ PKvVaPuoijnCMU5rnOeq4QgNN0/FHPOHZalgTa27df0qtQu45xLdlPXwA1C2T+A==</latexit>
!¯r !¯r !¯r
BA C   =   Fr ⇥ Fw
<latexit sha1_base64="t9OYj64Nh6kx9DGuarZ93xD1xdY=">AAAC5nicjVH LSsNAFD3GV31HXbqJFsGNJa2CboSCIi4r2CoYKUk6tYN5MZkopbh2507c+gNu9VPEP9C/8M6Yig9EJyQ5c+49Z+be6yUBT6VtPw8Yg0PDI6OFsfGJyanpGXN2rpHG mfBZ3Y+DWBx5bsoCHrG65DJgR4lgbugF7NA721bxw3MmUh5HB7KbsJPQPY14m/uuJKppLjpJh2+tOjsskK612xSO5CFLrQ/iomkW7ZKtl/UTlHNQRL5qsfkEBy3E8 JEhBEMESTiAi5SeY5RhIyHuBD3iBCGu4wyXGCdtRlmMMlxiz+h7SrvjnI1orzxTrfbplIBeQUoLy6SJKU8QVqdZOp5pZ8X+5t3TnupuXfp7uVdIrESH2L90/cz/6lQ tEm1s6ho41ZRoRlXn5y6Z7oq6ufWpKkkOCXEKtyguCPta2e+zpTWprl311tXxF52pWLX389wMr+qWNODy93H+BI1KqbxWquyvF6uVfNQFLGAJKzTPDVSxhxrq5H2F ezzg0egY18aNcfueagzkmnl8WcbdG/xynA4=</latexit>
  = min(  Fr + 1, Fw   1)
<latexit sha1_base64="87rbF81 6qmbiQj3xIJVj4Kh9pcw=">AAAC63icjVHLLgRBFD3aa7wbS5uOCSHMp BsJG4mEiCWJYRItk+5WMyr6lepqIhN/YGcntn7Alv8Qf8BfuFWaeESoT nefe+49p+rW9dOQZ9K2nzqMzq7unt5SX//A4NDwiDk6tpcluQhYLUjCR NR9L2Mhj1lNchmyeiqYF/kh2/dP1lV+/5SJjCfxrjxP2WHktWLe5IEniW qY0256zFfdiMczFXeDhdKzNhtizpm3PqKzijPbMMt21dbL+gmcApRRrO 3EfISLIyQIkCMCQwxJOISHjJ4DOLCREneINnGCENd5hgv0kzanKkYVHr En9G1RdFCwMcXKM9PqgHYJ6RWktDBFmoTqBGG1m6XzuXZW7G/ebe2pznZ Of7/wioiVOCb2L9175X91qheJJlZ0D5x6SjWjugsKl1zfijq59akrSQ4 pcQofUV4QDrTy/Z4trcl07+puPZ1/1pWKVXFQ1OZ4UaekATvfx/kT7C1 UncXqws5Sec0uRl3CBCYxQ/Ncxhq2sI0aeV/iDvd4MCLjyrg2bt5KjY5 CM44vy7h9Bb8GnJc=</latexit>
  = min(  Fr   1, Fw + 1)
<latexit sha1_base64="rhH3IUjSGs9tzFgHAuehjmsti58=">AAAC6 3icjVHLLgRBFD3aa7wbS5uOCSHMpBsJG4mEiCWJYRItk+5WMyr6lepqIhN/YGcntn7Alv8Qf8BfuFWaeESoTnefe+49p+rW9dOQZ9K2nzqMzq7un t5SX//A4NDwiDk6tpcluQhYLUjCRNR9L2Mhj1lNchmyeiqYF/kh2/dP1lV+/5SJjCfxrjxP2WHktWLe5IEniWqY0256zFfdiMczFXeDhdKzNhui4s xbH9HZnDPbMMt21dbL+gmcApRRrO3EfISLIyQIkCMCQwxJOISHjJ4DOLCREneINnGCENd5hgv0kzanKkYVHrEn9G1RdFCwMcXKM9PqgHYJ6RWktD BFmoTqBGG1m6XzuXZW7G/ebe2pznZOf7/wioiVOCb2L9175X91qheJJlZ0D5x6SjWjugsKl1zfijq59akrSQ4pcQofUV4QDrTy/Z4trcl07+puPZ1 /1pWKVXFQ1OZ4UaekATvfx/kT7C1UncXqws5Sec0uRl3CBCYxQ/Ncxhq2sI0aeV/iDvd4MCLjyrg2bt5KjY5CM44vy7h9Bb8inJc=</latexit>
FIG. S2: Graphs of Fig. 3 for alternative choices of the fitness function φ(a). A. φ(a) = min(−∆Fr(a) + µ,∆Fw(a)− µ) with
µ = 1. B. φ(a) = min(−∆Fr(a) + µ,∆Fw(a)− µ) with µ = −1. C. φ(a) = −∆Fr, (a)×∆Fw(a). In any case, the results are
qualitatively similar to those of Fig. 3, which corresponds to φ(a) = min(−∆Fr(a) + µ,∆Fw(a)− µ) with µ = 0.
!¯
<latexit sha1_base64="n7+7vjAGMRHHH0SaoCDGpUL6UVI=">AAAC zXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFlw484K9oFtkcl0WkPzYjIRStWtP+BWf0v8A/0L74wpqEV0QpIz595zZu69XhL4qXKc14I1N7+wuFR cLq2srq1vlDe3mmmcSS4aPA5i2fZYKgI/Eg3lq0C0EylY6AWi5Y1OdLx1I2Tqx9GFGieiF7Jh5A98zhRRl12PyW4ciiG7KlecqmOWPQvcHFSQr3p cfkEXfcTgyBBCIIIiHIAhpacDFw4S4nqYECcJ+SYucIcSaTPKEpTBiB3Rd0i7Ts5GtNeeqVFzOiWgV5LSxh5pYsqThPVptolnxlmzv3lPjKe+25 j+Xu4VEqtwTexfumnmf3W6FoUBjk0NPtWUGEZXx3OXzHRF39z+UpUih4Q4jfsUl4S5UU77bBtNamrXvWUm/mYyNav3PM/N8K5vSQN2f45zFjQPq i7h88NK7SAfdRE72MU+zfMINZyijgZ5R3jEE56tMyuzbq37z1SrkGu28W1ZDx8Xy5NF</latexit><latexit sha1_base64="n7+7vjAGMRHHH0SaoCDGpUL6UVI=">AAAC zXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFlw484K9oFtkcl0WkPzYjIRStWtP+BWf0v8A/0L74wpqEV0QpIz595zZu69XhL4qXKc14I1N7+wuFR cLq2srq1vlDe3mmmcSS4aPA5i2fZYKgI/Eg3lq0C0EylY6AWi5Y1OdLx1I2Tqx9GFGieiF7Jh5A98zhRRl12PyW4ciiG7KlecqmOWPQvcHFSQr3p cfkEXfcTgyBBCIIIiHIAhpacDFw4S4nqYECcJ+SYucIcSaTPKEpTBiB3Rd0i7Ts5GtNeeqVFzOiWgV5LSxh5pYsqThPVptolnxlmzv3lPjKe+25 j+Xu4VEqtwTexfumnmf3W6FoUBjk0NPtWUGEZXx3OXzHRF39z+UpUih4Q4jfsUl4S5UU77bBtNamrXvWUm/mYyNav3PM/N8K5vSQN2f45zFjQPq i7h88NK7SAfdRE72MU+zfMINZyijgZ5R3jEE56tMyuzbq37z1SrkGu28W1ZDx8Xy5NF</latexit><latexit sha1_base64="n7+7vjAGMRHHH0SaoCDGpUL6UVI=">AAAC zXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFlw484K9oFtkcl0WkPzYjIRStWtP+BWf0v8A/0L74wpqEV0QpIz595zZu69XhL4qXKc14I1N7+wuFR cLq2srq1vlDe3mmmcSS4aPA5i2fZYKgI/Eg3lq0C0EylY6AWi5Y1OdLx1I2Tqx9GFGieiF7Jh5A98zhRRl12PyW4ciiG7KlecqmOWPQvcHFSQr3p cfkEXfcTgyBBCIIIiHIAhpacDFw4S4nqYECcJ+SYucIcSaTPKEpTBiB3Rd0i7Ts5GtNeeqVFzOiWgV5LSxh5pYsqThPVptolnxlmzv3lPjKe+25 j+Xu4VEqtwTexfumnmf3W6FoUBjk0NPtWUGEZXx3OXzHRF39z+UpUih4Q4jfsUl4S5UU77bBtNamrXvWUm/mYyNav3PM/N8K5vSQN2f45zFjQPq i7h88NK7SAfdRE72MU+zfMINZyijgZ5R3jEE56tMyuzbq37z1SrkGu28W1ZDx8Xy5NF</latexit><latexit sha1_base64="n7+7vjAGMRHHH0SaoCDGpUL6UVI=">AAAC zXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFlw484K9oFtkcl0WkPzYjIRStWtP+BWf0v8A/0L74wpqEV0QpIz595zZu69XhL4qXKc14I1N7+wuFR cLq2srq1vlDe3mmmcSS4aPA5i2fZYKgI/Eg3lq0C0EylY6AWi5Y1OdLx1I2Tqx9GFGieiF7Jh5A98zhRRl12PyW4ciiG7KlecqmOWPQvcHFSQr3p cfkEXfcTgyBBCIIIiHIAhpacDFw4S4nqYECcJ+SYucIcSaTPKEpTBiB3Rd0i7Ts5GtNeeqVFzOiWgV5LSxh5pYsqThPVptolnxlmzv3lPjKe+25 j+Xu4VEqtwTexfumnmf3W6FoUBjk0NPtWUGEZXx3OXzHRF39z+UpUih4Q4jfsUl4S5UU77bBtNamrXvWUm/mYyNav3PM/N8K5vSQN2f45zFjQPq i7h88NK7SAfdRE72MU+zfMINZyijgZ5R3jEE56tMyuzbq37z1SrkGu28W1ZDx8Xy5NF</latexit>
`w
<latexit sha1_base64="AQodKJ 9b3KAy2KFWkYmrwDDzNms=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVw VZIi6LLgRnBTwT6gLSVJp3Xs5GEyUWtx5Q+41R8T/0D/wjtjCmoRnZDk zLn3nJl7rxsJnkjLes0Zc/MLi0v55cLK6tr6RnFzq5GEaeyxuheKMG6 5TsIED1hdcilYK4qZ47uCNd3RsYo3r1mc8DA4l+OIdX1nGPAB9xxJVKP DhOjd9Iolq2zpZc4COwMlZKsWFl/QQR8hPKTwwRBAEhZwkNDThg0LEXF dTIiLCXEdZ7hHgbQpZTHKcIgd0XdIu3bGBrRXnolWe3SKoDcmpYk90o SUFxNWp5k6nmpnxf7mPdGe6m5j+ruZl0+sxAWxf+mmmf/VqVokBjjSNX CqKdKMqs7LXFLdFXVz80tVkhwi4hTuUzwm7GnltM+m1iS6dtVbR8ffdK Zi1d7LclO8q1vSgO2f45wFjUrZJnx2UKpWslHnsYNd7NM8D1HFCWqok /clHvGEZ+PUuDJujbvPVCOXabbxbRkPH9PokZY=</latexit><latexit sha1_base64="AQodKJ 9b3KAy2KFWkYmrwDDzNms=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVw VZIi6LLgRnBTwT6gLSVJp3Xs5GEyUWtx5Q+41R8T/0D/wjtjCmoRnZDk zLn3nJl7rxsJnkjLes0Zc/MLi0v55cLK6tr6RnFzq5GEaeyxuheKMG6 5TsIED1hdcilYK4qZ47uCNd3RsYo3r1mc8DA4l+OIdX1nGPAB9xxJVKP DhOjd9Iolq2zpZc4COwMlZKsWFl/QQR8hPKTwwRBAEhZwkNDThg0LEXF dTIiLCXEdZ7hHgbQpZTHKcIgd0XdIu3bGBrRXnolWe3SKoDcmpYk90o SUFxNWp5k6nmpnxf7mPdGe6m5j+ruZl0+sxAWxf+mmmf/VqVokBjjSNX CqKdKMqs7LXFLdFXVz80tVkhwi4hTuUzwm7GnltM+m1iS6dtVbR8ffdK Zi1d7LclO8q1vSgO2f45wFjUrZJnx2UKpWslHnsYNd7NM8D1HFCWqok /clHvGEZ+PUuDJujbvPVCOXabbxbRkPH9PokZY=</latexit><latexit sha1_base64="AQodKJ 9b3KAy2KFWkYmrwDDzNms=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVw VZIi6LLgRnBTwT6gLSVJp3Xs5GEyUWtx5Q+41R8T/0D/wjtjCmoRnZDk zLn3nJl7rxsJnkjLes0Zc/MLi0v55cLK6tr6RnFzq5GEaeyxuheKMG6 5TsIED1hdcilYK4qZ47uCNd3RsYo3r1mc8DA4l+OIdX1nGPAB9xxJVKP DhOjd9Iolq2zpZc4COwMlZKsWFl/QQR8hPKTwwRBAEhZwkNDThg0LEXF dTIiLCXEdZ7hHgbQpZTHKcIgd0XdIu3bGBrRXnolWe3SKoDcmpYk90o SUFxNWp5k6nmpnxf7mPdGe6m5j+ruZl0+sxAWxf+mmmf/VqVokBjjSNX CqKdKMqs7LXFLdFXVz80tVkhwi4hTuUzwm7GnltM+m1iS6dtVbR8ffdK Zi1d7LclO8q1vSgO2f45wFjUrZJnx2UKpWslHnsYNd7NM8D1HFCWqok /clHvGEZ+PUuDJujbvPVCOXabbxbRkPH9PokZY=</latexit><latexit sha1_base64="AQodKJ 9b3KAy2KFWkYmrwDDzNms=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVw VZIi6LLgRnBTwT6gLSVJp3Xs5GEyUWtx5Q+41R8T/0D/wjtjCmoRnZDk zLn3nJl7rxsJnkjLes0Zc/MLi0v55cLK6tr6RnFzq5GEaeyxuheKMG6 5TsIED1hdcilYK4qZ47uCNd3RsYo3r1mc8DA4l+OIdX1nGPAB9xxJVKP DhOjd9Iolq2zpZc4COwMlZKsWFl/QQR8hPKTwwRBAEhZwkNDThg0LEXF dTIiLCXEdZ7hHgbQpZTHKcIgd0XdIu3bGBrRXnolWe3SKoDcmpYk90o SUFxNWp5k6nmpnxf7mPdGe6m5j+ruZl0+sxAWxf+mmmf/VqVokBjjSNX CqKdKMqs7LXFLdFXVz80tVkhwi4hTuUzwm7GnltM+m1iS6dtVbR8ffdK Zi1d7LclO8q1vSgO2f45wFjUrZJnx2UKpWslHnsYNd7NM8D1HFCWqok /clHvGEZ+PUuDJujbvPVCOXabbxbRkPH9PokZY=</latexit>
 F
<latexit sha1_base64="RQR1xv62XaQ ZhF8qTjj7lVFFC5s=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LKgiBuhgn 1AW2QyndbQNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce7048KVynNecNTe /sLiUXy6srK6tbxQ3txoyShMu6jwKoqTlMSkCPxR15atAtOJEsJEXiKY3PNbx5o1I pB+Fl2oci+6IDUK/73OmiGp1TkSgmH16VSw5Zccsexa4GSghW7Wo+IIOeojAkWIEg RCKcAAGSU8bLhzExHUxIS4h5Ju4wD0K5E1JJUjBiB3Sd0C7dsaGtNc5pXFzOiWgNy GnjT3yRKRLCOvTbBNPTWbN/pZ7YnLqu43p72W5RsQqXBP7l2+q/K9P16LQx5Gpwae aYsPo6niWJTVd0Te3v1SlKENMnMY9iieEuXFO+2wbjzS1694yE38zSs3qPc+0Kd71 LWnA7s9xzoJGpewSvjgoVSvZqPPYwS72aZ6HqOIMNdTNHB/xhGfr3JLWrXX3KbVy mWcb35b18AG0lZHn</latexit><latexit sha1_base64="RQR1xv62XaQ ZhF8qTjj7lVFFC5s=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LKgiBuhgn 1AW2QyndbQNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce7048KVynNecNTe /sLiUXy6srK6tbxQ3txoyShMu6jwKoqTlMSkCPxR15atAtOJEsJEXiKY3PNbx5o1I pB+Fl2oci+6IDUK/73OmiGp1TkSgmH16VSw5Zccsexa4GSghW7Wo+IIOeojAkWIEg RCKcAAGSU8bLhzExHUxIS4h5Ju4wD0K5E1JJUjBiB3Sd0C7dsaGtNc5pXFzOiWgNy GnjT3yRKRLCOvTbBNPTWbN/pZ7YnLqu43p72W5RsQqXBP7l2+q/K9P16LQx5Gpwae aYsPo6niWJTVd0Te3v1SlKENMnMY9iieEuXFO+2wbjzS1694yE38zSs3qPc+0Kd71 LWnA7s9xzoJGpewSvjgoVSvZqPPYwS72aZ6HqOIMNdTNHB/xhGfr3JLWrXX3KbVy mWcb35b18AG0lZHn</latexit><latexit sha1_base64="RQR1xv62XaQ ZhF8qTjj7lVFFC5s=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LKgiBuhgn 1AW2QyndbQNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce7048KVynNecNTe /sLiUXy6srK6tbxQ3txoyShMu6jwKoqTlMSkCPxR15atAtOJEsJEXiKY3PNbx5o1I pB+Fl2oci+6IDUK/73OmiGp1TkSgmH16VSw5Zccsexa4GSghW7Wo+IIOeojAkWIEg RCKcAAGSU8bLhzExHUxIS4h5Ju4wD0K5E1JJUjBiB3Sd0C7dsaGtNc5pXFzOiWgNy GnjT3yRKRLCOvTbBNPTWbN/pZ7YnLqu43p72W5RsQqXBP7l2+q/K9P16LQx5Gpwae aYsPo6niWJTVd0Te3v1SlKENMnMY9iieEuXFO+2wbjzS1694yE38zSs3qPc+0Kd71 LWnA7s9xzoJGpewSvjgoVSvZqPPYwS72aZ6HqOIMNdTNHB/xhGfr3JLWrXX3KbVy mWcb35b18AG0lZHn</latexit><latexit sha1_base64="RQR1xv62XaQ ZhF8qTjj7lVFFC5s=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LKgiBuhgn 1AW2QyndbQNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce7048KVynNecNTe /sLiUXy6srK6tbxQ3txoyShMu6jwKoqTlMSkCPxR15atAtOJEsJEXiKY3PNbx5o1I pB+Fl2oci+6IDUK/73OmiGp1TkSgmH16VSw5Zccsexa4GSghW7Wo+IIOeojAkWIEg RCKcAAGSU8bLhzExHUxIS4h5Ju4wD0K5E1JJUjBiB3Sd0C7dsaGtNc5pXFzOiWgNy GnjT3yRKRLCOvTbBNPTWbN/pZ7YnLqu43p72W5RsQqXBP7l2+q/K9P16LQx5Gpwae aYsPo6niWJTVd0Te3v1SlKENMnMY9iieEuXFO+2wbjzS1694yE38zSs3qPc+0Kd71 LWnA7s9xzoJGpewSvjgoVSvZqPPYwS72aZ6HqOIMNdTNHB/xhGfr3JLWrXX3KbVy mWcb35b18AG0lZHn</latexit>
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A B
FIG. S3: Dependence on the ligand `w. A. Binding free energies ∆Fr and ∆Fw as a function of `w for `0 = 0 and `r = 3
(Fig. 3-4 correspond to `w = 2). For `w < `0, evolved systems verify φ = min(−∆Fr,∆Fw) = ∆Fw < −∆Fr, while for `w > `0,
φ = min(−∆Fr,∆Fw) = −∆Fr = ∆Fw and the two constraints are equally at play. When `w > `r, achieving φ > 0 is not
possible. B. Extensions of the conformational switches ω¯r and ω¯w as function of `w for the same systems. For `w < `0, no
switch occurs (ω¯r = ω¯w = 0), while for `w > `0 switches are obtained that display a wide range of extensions. For each value
of `w, the dots represent a mean and the error bars a standard deviation over 100 different evolved systems (Fig. 3A shows the
full distribution of ω¯r for `w = 2).
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FIG. S4: Graphs of Fig. 3B for alternative choices of the interval δ used to resolve the different phenotypes. The scale (y-axis)
differs in each case but the same trend is observed irrespectively of δ: systems with larger ω¯r have significantly larger .
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 
<latexit sha1_base64="GSvy/Rkg c+U4utOKXTcTxjZ30QE=">AAACx3icjVHLSsNAFD2Nr1pfVZdugkVwVZIi 6LLgRncV7ANskWQ6bYfmxWRSLMWFP+BW/0z8A/0L74wpqEV0QpIz595zZu6 9fhKIVDnOa8FaWl5ZXSuulzY2t7Z3yrt7rTTOJONNFgex7PheygMR8aYSKu CdRHIv9APe9sfnOt6ecJmKOLpW04T3Qm8YiYFgntJUNxmJ23LFqTpm2YvA zUEF+WrE5Rd00UcMhgwhOCIowgE8pPTcwIWDhLgeZsRJQsLEOe5RIm1GWZw yPGLH9B3S7iZnI9prz9SoGZ0S0CtJaeOINDHlScL6NNvEM+Os2d+8Z8ZT32 1Kfz/3ColVGBH7l26e+V+drkVhgDNTg6CaEsPo6ljukpmu6JvbX6pS5JAQ p3Gf4pIwM8p5n22jSU3tureeib+ZTM3qPctzM7zrW9KA3Z/jXAStWtUlfHV SqdfyURdxgEMc0zxPUccFGmiS9wiPeMKzdWnF1sS6+0y1CrlmH9+W9fABkf 2QsA==</latexit><latexit sha1_base64="GSvy/Rkg c+U4utOKXTcTxjZ30QE=">AAACx3icjVHLSsNAFD2Nr1pfVZdugkVwVZIi 6LLgRncV7ANskWQ6bYfmxWRSLMWFP+BW/0z8A/0L74wpqEV0QpIz595zZu6 9fhKIVDnOa8FaWl5ZXSuulzY2t7Z3yrt7rTTOJONNFgex7PheygMR8aYSKu CdRHIv9APe9sfnOt6ecJmKOLpW04T3Qm8YiYFgntJUNxmJ23LFqTpm2YvA zUEF+WrE5Rd00UcMhgwhOCIowgE8pPTcwIWDhLgeZsRJQsLEOe5RIm1GWZw yPGLH9B3S7iZnI9prz9SoGZ0S0CtJaeOINDHlScL6NNvEM+Os2d+8Z8ZT32 1Kfz/3ColVGBH7l26e+V+drkVhgDNTg6CaEsPo6ljukpmu6JvbX6pS5JAQ p3Gf4pIwM8p5n22jSU3tureeib+ZTM3qPctzM7zrW9KA3Z/jXAStWtUlfHV SqdfyURdxgEMc0zxPUccFGmiS9wiPeMKzdWnF1sS6+0y1CrlmH9+W9fABkf 2QsA==</latexit><latexit sha1_base64="GSvy/Rkg c+U4utOKXTcTxjZ30QE=">AAACx3icjVHLSsNAFD2Nr1pfVZdugkVwVZIi 6LLgRncV7ANskWQ6bYfmxWRSLMWFP+BW/0z8A/0L74wpqEV0QpIz595zZu6 9fhKIVDnOa8FaWl5ZXSuulzY2t7Z3yrt7rTTOJONNFgex7PheygMR8aYSKu CdRHIv9APe9sfnOt6ecJmKOLpW04T3Qm8YiYFgntJUNxmJ23LFqTpm2YvA zUEF+WrE5Rd00UcMhgwhOCIowgE8pPTcwIWDhLgeZsRJQsLEOe5RIm1GWZw yPGLH9B3S7iZnI9prz9SoGZ0S0CtJaeOINDHlScL6NNvEM+Os2d+8Z8ZT32 1Kfz/3ColVGBH7l26e+V+drkVhgDNTg6CaEsPo6ljukpmu6JvbX6pS5JAQ p3Gf4pIwM8p5n22jSU3tureeib+ZTM3qPctzM7zrW9KA3Z/jXAStWtUlfHV SqdfyURdxgEMc0zxPUccFGmiS9wiPeMKzdWnF1sS6+0y1CrlmH9+W9fABkf 2QsA==</latexit><latexit sha1_base64="GSvy/Rkg c+U4utOKXTcTxjZ30QE=">AAACx3icjVHLSsNAFD2Nr1pfVZdugkVwVZIi 6LLgRncV7ANskWQ6bYfmxWRSLMWFP+BW/0z8A/0L74wpqEV0QpIz595zZu6 9fhKIVDnOa8FaWl5ZXSuulzY2t7Z3yrt7rTTOJONNFgex7PheygMR8aYSKu CdRHIv9APe9sfnOt6ecJmKOLpW04T3Qm8YiYFgntJUNxmJ23LFqTpm2YvA zUEF+WrE5Rd00UcMhgwhOCIowgE8pPTcwIWDhLgeZsRJQsLEOe5RIm1GWZw yPGLH9B3S7iZnI9prz9SoGZ0S0CtJaeOINDHlScL6NNvEM+Os2d+8Z8ZT32 1Kfz/3ColVGBH7l26e+V+drkVhgDNTg6CaEsPo6ljukpmu6JvbX6pS5JAQ p3Gf4pIwM8p5n22jSU3tureeib+ZTM3qPctzM7zrW9KA3Z/jXAStWtUlfHV SqdfyURdxgEMc0zxPUccFGmiS9wiPeMKzdWnF1sS6+0y1CrlmH9+W9fABkf 2QsA==</latexit>
 
<latexit sha1_base64="GSvy/Rkgc+U4utOKXTcTxjZ30QE=">AAACx3i cjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgRncV7ANskWQ6bYfmxWRSLMWFP+BW/0z8A/0L74wpqEV0QpIz595zZu69fhKIVDnOa8FaWl5ZXSuulzY2t7Z3 yrt7rTTOJONNFgex7PheygMR8aYSKuCdRHIv9APe9sfnOt6ecJmKOLpW04T3Qm8YiYFgntJUNxmJ23LFqTpm2YvAzUEF+WrE5Rd00UcMhgwhOCIowgE8pP TcwIWDhLgeZsRJQsLEOe5RIm1GWZwyPGLH9B3S7iZnI9prz9SoGZ0S0CtJaeOINDHlScL6NNvEM+Os2d+8Z8ZT321Kfz/3ColVGBH7l26e+V+drkVhgDN Tg6CaEsPo6ljukpmu6JvbX6pS5JAQp3Gf4pIwM8p5n22jSU3tureeib+ZTM3qPctzM7zrW9KA3Z/jXAStWtUlfHVSqdfyURdxgEMc0zxPUccFGmiS9wiP eMKzdWnF1sS6+0y1CrlmH9+W9fABkf2QsA==</latexit><latexit sha1_base64="GSvy/Rkgc+U4utOKXTcTxjZ30QE=">AAACx3i cjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgRncV7ANskWQ6bYfmxWRSLMWFP+BW/0z8A/0L74wpqEV0QpIz595zZu69fhKIVDnOa8FaWl5ZXSuulzY2t7Z3 yrt7rTTOJONNFgex7PheygMR8aYSKuCdRHIv9APe9sfnOt6ecJmKOLpW04T3Qm8YiYFgntJUNxmJ23LFqTpm2YvAzUEF+WrE5Rd00UcMhgwhOCIowgE8pP TcwIWDhLgeZsRJQsLEOe5RIm1GWZwyPGLH9B3S7iZnI9prz9SoGZ0S0CtJaeOINDHlScL6NNvEM+Os2d+8Z8ZT321Kfz/3ColVGBH7l26e+V+drkVhgDN Tg6CaEsPo6ljukpmu6JvbX6pS5JAQp3Gf4pIwM8p5n22jSU3tureeib+ZTM3qPctzM7zrW9KA3Z/jXAStWtUlfHVSqdfyURdxgEMc0zxPUccFGmiS9wiP eMKzdWnF1sS6+0y1CrlmH9+W9fABkf2QsA==</latexit><latexit sha1_base64="GSvy/Rkgc+U4utOKXTcTxjZ30QE=">AAACx3i cjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgRncV7ANskWQ6bYfmxWRSLMWFP+BW/0z8A/0L74wpqEV0QpIz595zZu69fhKIVDnOa8FaWl5ZXSuulzY2t7Z3 yrt7rTTOJONNFgex7PheygMR8aYSKuCdRHIv9APe9sfnOt6ecJmKOLpW04T3Qm8YiYFgntJUNxmJ23LFqTpm2YvAzUEF+WrE5Rd00UcMhgwhOCIowgE8pP TcwIWDhLgeZsRJQsLEOe5RIm1GWZwyPGLH9B3S7iZnI9prz9SoGZ0S0CtJaeOINDHlScL6NNvEM+Os2d+8Z8ZT321Kfz/3ColVGBH7l26e+V+drkVhgDN Tg6CaEsPo6ljukpmu6JvbX6pS5JAQp3Gf4pIwM8p5n22jSU3tureeib+ZTM3qPctzM7zrW9KA3Z/jXAStWtUlfHVSqdfyURdxgEMc0zxPUccFGmiS9wiP eMKzdWnF1sS6+0y1CrlmH9+W9fABkf2QsA==</latexit><latexit sha1_base64="GSvy/Rkgc+U4utOKXTcTxjZ30QE=">AAACx3i cjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgRncV7ANskWQ6bYfmxWRSLMWFP+BW/0z8A/0L74wpqEV0QpIz595zZu69fhKIVDnOa8FaWl5ZXSuulzY2t7Z3 yrt7rTTOJONNFgex7PheygMR8aYSKuCdRHIv9APe9sfnOt6ecJmKOLpW04T3Qm8YiYFgntJUNxmJ23LFqTpm2YvAzUEF+WrE5Rd00UcMhgwhOCIowgE8pP TcwIWDhLgeZsRJQsLEOe5RIm1GWZwyPGLH9B3S7iZnI9prz9SoGZ0S0CtJaeOINDHlScL6NNvEM+Os2d+8Z8ZT321Kfz/3ColVGBH7l26e+V+drkVhgDN Tg6CaEsPo6ljukpmu6JvbX6pS5JAQp3Gf4pIwM8p5n22jSU3tureeib+ZTM3qPctzM7zrW9KA3Z/jXAStWtUlfHVSqdfyURdxgEMc0zxPUccFGmiS9wiP eMKzdWnF1sS6+0y1CrlmH9+W9fABkf2QsA==</latexit>
  > 0 (98%)
<latexit sha1_base64="2Zk6sAtB 1xs2MAT7/7gVY+5MLD4=">AAAC13icjVHLSsNAFD2Nr1pfsS7dBEuhbkoq gnUjBTcuK9iHtKUk6bQdTJOYTMRSxJ249Qfc6h+Jf6B/4Z0xBbWITkhy5tx 7zsy91w5cHgnTfE1pc/MLi0vp5czK6tr6hr6ZrUd+HDqs5viuHzZtK2Iu91 hNcOGyZhAya2S7rGFfHMt444qFEfe9MzEOWGdkDTze544liOrq2XYw5Edm +zK2ekbhsNzO73b1nFk01TJmQSkBOSSr6usvaKMHHw5ijMDgQRB2YSGip4U STATEdTAhLiTEVZzhBhnSxpTFKMMi9oK+A9q1EtajvfSMlNqhU1x6Q1IayJ PGp7yQsDzNUPFYOUv2N++J8pR3G9PfTrxGxAoMif1LN838r07WItBHWdXA qaZAMbI6J3GJVVfkzY0vVQlyCIiTuEfxkLCjlNM+G0oTqdplby0Vf1OZkpV 7J8mN8S5vSQMu/RznLKjvFUuET/dzFTMZdRrb2EGB5nmACk5QRY28r/GIJz xr59qtdqfdf6ZqqUSzhW9Le/gAiYOVQw==</latexit><latexit sha1_base64="2Zk6sAtB 1xs2MAT7/7gVY+5MLD4=">AAAC13icjVHLSsNAFD2Nr1pfsS7dBEuhbkoq gnUjBTcuK9iHtKUk6bQdTJOYTMRSxJ249Qfc6h+Jf6B/4Z0xBbWITkhy5tx 7zsy91w5cHgnTfE1pc/MLi0vp5czK6tr6hr6ZrUd+HDqs5viuHzZtK2Iu91 hNcOGyZhAya2S7rGFfHMt444qFEfe9MzEOWGdkDTze544liOrq2XYw5Edm +zK2ekbhsNzO73b1nFk01TJmQSkBOSSr6usvaKMHHw5ijMDgQRB2YSGip4U STATEdTAhLiTEVZzhBhnSxpTFKMMi9oK+A9q1EtajvfSMlNqhU1x6Q1IayJ PGp7yQsDzNUPFYOUv2N++J8pR3G9PfTrxGxAoMif1LN838r07WItBHWdXA qaZAMbI6J3GJVVfkzY0vVQlyCIiTuEfxkLCjlNM+G0oTqdplby0Vf1OZkpV 7J8mN8S5vSQMu/RznLKjvFUuET/dzFTMZdRrb2EGB5nmACk5QRY28r/GIJz xr59qtdqfdf6ZqqUSzhW9Le/gAiYOVQw==</latexit><latexit sha1_base64="2Zk6sAtB 1xs2MAT7/7gVY+5MLD4=">AAAC13icjVHLSsNAFD2Nr1pfsS7dBEuhbkoq gnUjBTcuK9iHtKUk6bQdTJOYTMRSxJ249Qfc6h+Jf6B/4Z0xBbWITkhy5tx 7zsy91w5cHgnTfE1pc/MLi0vp5czK6tr6hr6ZrUd+HDqs5viuHzZtK2Iu91 hNcOGyZhAya2S7rGFfHMt444qFEfe9MzEOWGdkDTze544liOrq2XYw5Edm +zK2ekbhsNzO73b1nFk01TJmQSkBOSSr6usvaKMHHw5ijMDgQRB2YSGip4U STATEdTAhLiTEVZzhBhnSxpTFKMMi9oK+A9q1EtajvfSMlNqhU1x6Q1IayJ PGp7yQsDzNUPFYOUv2N++J8pR3G9PfTrxGxAoMif1LN838r07WItBHWdXA qaZAMbI6J3GJVVfkzY0vVQlyCIiTuEfxkLCjlNM+G0oTqdplby0Vf1OZkpV 7J8mN8S5vSQMu/RznLKjvFUuET/dzFTMZdRrb2EGB5nmACk5QRY28r/GIJz xr59qtdqfdf6ZqqUSzhW9Le/gAiYOVQw==</latexit><latexit sha1_base64="2Zk6sAtB 1xs2MAT7/7gVY+5MLD4=">AAAC13icjVHLSsNAFD2Nr1pfsS7dBEuhbkoq gnUjBTcuK9iHtKUk6bQdTJOYTMRSxJ249Qfc6h+Jf6B/4Z0xBbWITkhy5tx 7zsy91w5cHgnTfE1pc/MLi0vp5czK6tr6hr6ZrUd+HDqs5viuHzZtK2Iu91 hNcOGyZhAya2S7rGFfHMt444qFEfe9MzEOWGdkDTze544liOrq2XYw5Edm +zK2ekbhsNzO73b1nFk01TJmQSkBOSSr6usvaKMHHw5ijMDgQRB2YSGip4U STATEdTAhLiTEVZzhBhnSxpTFKMMi9oK+A9q1EtajvfSMlNqhU1x6Q1IayJ PGp7yQsDzNUPFYOUv2N++J8pR3G9PfTrxGxAoMif1LN838r07WItBHWdXA qaZAMbI6J3GJVVfkzY0vVQlyCIiTuEfxkLCjlNM+G0oTqdplby0Vf1OZkpV 7J8mN8S5vSQMu/RznLKjvFUuET/dzFTMZdRrb2EGB5nmACk5QRY28r/GIJz xr59qtdqfdf6ZqqUSzhW9Le/gAiYOVQw==</latexit>
!¯r !¯r
FIG. S5: Relationships between switch extension, evolvability and fitness – A-B. Switch extension ω¯r(a) as a function of the
fitness φ(a) over 1000 different evolved systems, showing either the systems with φ(a) > 0 (98% of the total, panel A) or those
with φ(a) > 0.35 (94% of the total, panel B). For these fittest systems, on which Fig. 3 is based, ω¯r(a) is nearly independent
of φ(a). C-D. Evolvability ε(a) as a function of the fitness φ(a) for the same systems. For the fittest systems (φ(a) > 0.35,
panel D), ε(a) is also nearly independent of φ(a).
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"
<latexit sha1_base64="f8uw /T3T4zvfwWD1d/C5oDC8h+Q=">AAACznicjVHLSsNAFD2Nr1pfVZ dugkVwVZJa0GXBjcsK9gFtkSSd1qHTJEwmhVKKW3/ArX6W+Af6F 94ZU1CL6IQkZ849587ce/1Y8EQ5zmvOWlldW9/Ibxa2tnd294r7B 80kSmXAGkEkItn2vYQJHrKG4kqwdiyZN/YFa/mjSx1vTZhMeBTe qGnMemNvGPIBDzxFVKc78SSLEy6i8LZYcsqOWfYycDNQQrbqUfEF XfQRIUCKMRhCKMICHhJ6OnDhICauhxlxkhA3cYY5CuRNScVI4RE 7ou+Qdp2MDWmvcybGHdApgl5JThsn5IlIJwnr02wTT01mzf6We2Z y6rtN6e9nucbEKtwR+5dvofyvT9eiMMCFqYFTTbFhdHVBliU1Xd E3t79UpShDTJzGfYpLwoFxLvpsG09iate99Uz8zSg1q/dBpk3xrm 9JA3Z/jnMZNCtl96xcua6WatVs1Hkc4RinNM9z1HCFOhqm4494w rNVtybW3Lr/lFq5zHOIb8t6+ADWE5P+</latexit>
 
<latexit sha1 _base64="021ZnKiiIgziCV2x/ KZN5rKWIHM=">AAACx3icjVHLT sJAFD3UF+ILdemmkZi4Ii2S6JL Eje4wETABYtphgAmlbdopkRAX /oBb/TPjH+hfeGccEpUYnabtmX PvOTP3Xj8ORCod5zVnLS2vrK7l 1wsbm1vbO8XdvWYaZQnjDRYFUX LjeykPRMgbUsiA38QJ98Z+wFv +6FzFWxOepCIKr+U05t2xNwhFX zBPKqoTD8VtseSUHb3sReAaUIJ Z9aj4gg56iMCQYQyOEJJwAA8p PW24cBAT18WMuISQ0HGOexRIm1 EWpwyP2BF9B7RrGzakvfJMtZrR KQG9CSltHJEmoryEsDrN1vFMOy v2N++Z9lR3m9LfN15jYiWGxP6 lm2f+V6dqkejjTNcgqKZYM6o6Z lwy3RV1c/tLVZIcYuIU7lE8Icy 0ct5nW2tSXbvqrafjbzpTsWrPT G6Gd3VLGrD7c5yLoFkpuyflyl W1VKuaUedxgEMc0zxPUcMF6miQ 9xCPeMKzdWlF1sS6+0y1ckazj2 /LevgAk+OQtg==</latexit>
 
<latexit sha1_base64="021Z nKiiIgziCV2x/KZN5rKWIHM=">AAACx3icjVHLTsJAFD3UF+ILde mmkZi4Ii2S6JLEje4wETABYtphgAmlbdopkRAX/oBb/TPjH+hfe GccEpUYnabtmXPvOTP3Xj8ORCod5zVnLS2vrK7l1wsbm1vbO8Xdv WYaZQnjDRYFUXLjeykPRMgbUsiA38QJ98Z+wFv+6FzFWxOepCIK r+U05t2xNwhFXzBPKqoTD8VtseSUHb3sReAaUIJZ9aj4gg56iMCQ YQyOEJJwAA8pPW24cBAT18WMuISQ0HGOexRIm1EWpwyP2BF9B7R rGzakvfJMtZrRKQG9CSltHJEmoryEsDrN1vFMOyv2N++Z9lR3m9L fN15jYiWGxP6lm2f+V6dqkejjTNcgqKZYM6o6Zlwy3RV1c/tLVZ IcYuIU7lE8Icy0ct5nW2tSXbvqrafjbzpTsWrPTG6Gd3VLGrD7c5 yLoFkpuyflylW1VKuaUedxgEMc0zxPUcMF6miQ9xCPeMKzdWlF1 sS6+0y1ckazj2/LevgAk+OQtg==</latexit>
 
<latexit sha1_base64="021ZnKiiIgziCV2x/KZN5rKWIHM="> AAACx3icjVHLTsJAFD3UF+ILdemmkZi4Ii2S6JLEje4wETABYtphgAmlbdopkRAX/oBb/TPjH+hfeGccEpUYnabtmXPvOTP3Xj8ORCo d5zVnLS2vrK7l1wsbm1vbO8XdvWYaZQnjDRYFUXLjeykPRMgbUsiA38QJ98Z+wFv+6FzFWxOepCIKr+U05t2xNwhFXzBPKqoTD8Vtse SUHb3sReAaUIJZ9aj4gg56iMCQYQyOEJJwAA8pPW24cBAT18WMuISQ0HGOexRIm1EWpwyP2BF9B7RrGzakvfJMtZrRKQG9CSltHJEmo ryEsDrN1vFMOyv2N++Z9lR3m9LfN15jYiWGxP6lm2f+V6dqkejjTNcgqKZYM6o6Zlwy3RV1c/tLVZIcYuIU7lE8Icy0ct5nW2tSXbvq rafjbzpTsWrPTG6Gd3VLGrD7c5yLoFkpuyflylW1VKuaUedxgEMc0zxPUcMF6miQ9xCPeMKzdWlF1sS6+0y1ckazj2/LevgAk+OQtg= =</latexit>
"
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FIG. S6: Evolutionary response to a change of selective pressures of systems with different sector sizes and evolvability ε –
A. Evolutionary trajectories consecutive to a change of selective pressure at t = 0 from (`r, `w) = (3, 2) to (`r, `w) = (2.5, 1.5),
starting from the five systems of Fig. 4, here labelled 1 to 5. The graph shows the average fitness φ and its standard deviation
over 100 independent trajectories as a function of the number t of generations. It illustrates how the systems with a large sector
(3,4,5) adapt more efficiently than the systems with a small sector (1,2). B. Same as in A but for a change of selective pressure
from (`r, `w) = (3, 2) to (`r, `w) = (3.5, 2.5). C. More systematic analysis starting from the > 940 systems with φ > 0.35
considered in Fig. S5B,D and performing at t = 0 the same change of selective pressure as in A. The fitnesses of the systems
after t = 50 and t = 100 generations are compared to their evolvability ε. This shows that ε, despite being defined based on
the effect of single mutations only, is informative of the capacity of a system to adapt over multiple generations. D. Same as
in C for the change of selective pressure used in B.
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<latexit sha1_base64="joxs3aIRdLhkc1NuRilL87qDYok=">AAA CznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqAW0QlJzpx7zp2597qR8BJpWa85Y2l5 ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXA R2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVm xv+We6pzqbhP6u1kun1iJO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87qDYok=">AAA CznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqAW0QlJzpx7zp2597qR8BJpWa85Y2l5 ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXA R2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVm xv+We6pzqbhP6u1kun1iJO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87qDYok=">AAA CznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqAW0QlJzpx7zp2597qR8BJpWa85Y2l5 ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXA R2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVm xv+We6pzqbhP6u1kun1iJO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87qDYok=">AAA CznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqAW0QlJzpx7zp2597qR8BJpWa85Y2l5 ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXA R2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVm xv+We6pzqbhP6u1kun1iJO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit>
F (a, `0)
<latexit sha1_base64="joxs3aIRdLhkc1NuRilL87qDYok=">AAA CznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqAW0QlJzpx7zp2597qR8BJpWa85Y2l5 ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXA R2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVm xv+We6pzqbhP6u1kun1iJO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87qDYok=">AAA CznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqAW0QlJzpx7zp2597qR8BJpWa85Y2l5 ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXA R2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVm xv+We6pzqbhP6u1kun1iJO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87qDYok=">AAA CznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqAW0QlJzpx7zp2597qR8BJpWa85Y2l5 ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXA R2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVm xv+We6pzqbhP6u1kun1iJO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87qDYok=">AAA CznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqAW0QlJzpx7zp2597qR8BJpWa85Y2l5 ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXA R2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVm xv+We6pzqbhP6u1kun1iJO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit>
 (a)
<latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZJKF8=">AAA CynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlynNeCtbS8 srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qC Bfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0 zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZJKF8=">AAA CynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlynNeCtbS8 srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qC Bfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0 zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZJKF8=">AAA CynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlynNeCtbS8 srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qC Bfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0 zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZJKF8=">AAA CynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlynNeCtbS8 srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qC Bfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0 zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit>
 (a)
<latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZJKF8=">AAA CynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlynNeCtbS8 srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qC Bfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0 zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZJKF8=">AAA CynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlynNeCtbS8 srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qC Bfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0 zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZJKF8=">AAA CynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlynNeCtbS8 srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qC Bfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0 zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZJKF8=">AAA CynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlynNeCtbS8 srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qC Bfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0 zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit>
 (a)
<latexit sha1_base64="Z66LvW GNZCBh/hHVjEyMsTZJKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugk Wom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6 IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywO YtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgn mKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUn i5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCv JKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/yzZX/9e laFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU 7vurWfib0apWb1nuTbDu74lDdj9Oc5F0DqpuYSvTyt1Jx91EQc4RJX meYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</late xit><latexit sha1_base64="Z66LvW GNZCBh/hHVjEyMsTZJKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugk Wom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6 IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywO YtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgn mKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUn i5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCv JKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/yzZX/9e laFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU 7vurWfib0apWb1nuTbDu74lDdj9Oc5F0DqpuYSvTyt1Jx91EQc4RJX meYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</late xit><latexit sha1_base64="Z66LvW GNZCBh/hHVjEyMsTZJKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugk Wom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6 IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywO YtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgn mKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUn i5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCv JKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/yzZX/9e laFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU 7vurWfib0apWb1nuTbDu74lDdj9Oc5F0DqpuYSvTyt1Jx91EQc4RJX meYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</late xit><latexit sha1_base64="Z66LvW GNZCBh/hHVjEyMsTZJKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugk Wom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1CL6 IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywO YtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgn mKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUn i5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCv JKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/yzZX/9e laFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU 7vurWfib0apWb1nuTbDu74lDdj9Oc5F0DqpuYSvTyt1Jx91EQc4RJX meYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</late xit>
co
u
n
ts
<latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit>
co
u
n
ts
<latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit>
discrimination
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FIG. S7: Distribution of the free energy F (a, `0) and fitness φ(a) over the sequences of the three alignments studied in Fig. 5 –
The first column corresponds to an alignment selected for exquisite discrimination: the sequences have relatively high free energy,
F (a, `0) > F
∗ = −350 and nearly optimal fitness φ(a) ' 0.41. The second column corresponds to an alignment generated under
the constraint for stability F (a, `0) < F
∗ = −350: the sequences have a free energy F (a, `0) close to the stability threshold F ∗
but low fitness φ(a) < 0. The third column corresponds to an alignment selected for exquisite discrimination under a constraint
for stability: the sequences have both a free energy below F ∗ and a near optimal fitness.
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F (a, `0)
FIG. S8: Free energy of systems optmized for stability, i.e., evolved with −F (a, `0) as fitness function rather than φ(a) – The
resulting free energies reach Fmin ' −450, far below the free energies of system selected for discrimination without stability
constraint (F (a, `0) > F0 = −325 in Fig. 7). To obtain marginally stable systems, the stability threshold F ∗ is chosen to satisfy
Fmin < F
∗ < F0. In Fig. 5, F ∗ = −350 with other choices being considered in Fig. 9.
F (a, `0)
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<latexit sha1_base64="Z 66LvWGNZCBh/hHVjEyMsTZJKF8=">AAACynicjVHLSsNA FD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheT iVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlyn NeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIu JNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgn mKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQR HBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3 RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/y z0zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxj K6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurW fib0apWb1nuTbDu74lDdj9Oc5F0DqpuYSvTyt1Jx91EQc 4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+ED ryGRfg==</latexit><latexit sha1_base64="Z 66LvWGNZCBh/hHVjEyMsTZJKF8=">AAACynicjVHLSsNA FD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheT iVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlyn NeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIu JNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgn mKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQR HBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3 RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/y z0zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxj K6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurW fib0apWb1nuTbDu74lDdj9Oc5F0DqpuYSvTyt1Jx91EQc 4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+ED ryGRfg==</latexit><latexit sha1_base64="Z 66LvWGNZCBh/hHVjEyMsTZJKF8=">AAACynicjVHLSsNA FD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheT iVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlyn NeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIu JNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgn mKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQR HBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3 RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/y z0zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxj K6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurW fib0apWb1nuTbDu74lDdj9Oc5F0DqpuYSvTyt1Jx91EQc 4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+ED ryGRfg==</latexit><latexit sha1_base64="Z 66LvWGNZCBh/hHVjEyMsTZJKF8=">AAACynicjVHLSsNA FD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheT iVCKO3/ArX6Y+Af6F94ZU1CL6IQkZ849587ce/0kEKlyn NeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIu JNJVTAO4nkXugHvO1PLnS8fcdlKuLoRk0T3g+9USSGgn mKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQR HBEU4gIeUni5cOEiI62NGnCQkTJzjHiXyZqTipPCIndB3 RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/y z0zOfXdpvT381whsQpjYv/yzZX/9elaFIY4NzUIqikxj K6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurW fib0apWb1nuTbDu74lDdj9Oc5F0DqpuYSvTyt1Jx91EQc 4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+ED ryGRfg==</latexit>
co
u
n
ts
<latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit>
F (a, `0)
<latexit sha1_base64="joxs3aIRdLhkc1NuRilL87q DYok=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqA W0QlJzpx7zp2597qR8BJpWa85Y2l5ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx 5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXAR2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV 1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVmxv+We6pzqbhP6u1kun1i JO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87q DYok=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqA W0QlJzpx7zp2597qR8BJpWa85Y2l5ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx 5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXAR2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV 1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVmxv+We6pzqbhP6u1kun1i JO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87q DYok=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqA W0QlJzpx7zp2597qR8BJpWa85Y2l5ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx 5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXAR2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV 1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVmxv+We6pzqbhP6u1kun1i JO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87q DYok=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqA W0QlJzpx7zp2597qR8BJpWa85Y2l5ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx 5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXAR2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV 1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVmxv+We6pzqbhP6u1kun1i JO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit>
F (a, `0)
<latexit sha1_base64="joxs3aIRdLhkc1NuRilL87q DYok=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqA W0QlJzpx7zp2597qR8BJpWa85Y2l5ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx 5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXAR2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV 1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVmxv+We6pzqbhP6u1kun1i JO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87q DYok=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqA W0QlJzpx7zp2597qR8BJpWa85Y2l5ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx 5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXAR2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV 1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVmxv+We6pzqbhP6u1kun1i JO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87q DYok=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqA W0QlJzpx7zp2597qR8BJpWa85Y2l5ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx 5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXAR2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV 1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVmxv+We6pzqbhP6u1kun1i JO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit><latexit sha1_base64="joxs3aIRdLhkc1NuRilL87q DYok=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoICURQZcFQVxWsA9oS0mm0xo6eZBMCqUUt/6AW/0s8Q/0L7wzpqA W0QlJzpx7zp2597qR8BJpWa85Y2l5ZXUtv17Y2Nza3inu7jWSMI0Zr7NQhHHLdRIuvIDXpScFb0Uxd3xX8KY7ulTx 5pjHiRcGt3IS8a7vDANv4DFHEtW+KjsnHS5EzzruFUtWxdLLXAR2BkrIVi0svqCDPkIwpPDBEUASFnCQ0NOGDQsRcV 1MiYsJeTrOMUOBvCmpOCkcYkf0HdKunbEB7VXORLsZnSLojclp4og8Ieliwuo0U8dTnVmxv+We6pzqbhP6u1kun1i JO2L/8s2V//WpWiQGuNA1eFRTpBlVHcuypLor6ubml6okZYiIU7hP8Zgw0855n03tSXTtqreOjr9ppWLVnmXaFO/q ljRg++c4F0HjtGITvjkrVa1s1Hkc4BBlmuc5qrhGDXXd8Uc84dmoGWNjZtx/So1c5tnHt2U8fACn6ZKj</latexit>
 (a)
<latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZ JKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1C L6IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8 fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnC QkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/ yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZ JKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1C L6IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8 fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnC QkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/ yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZ JKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1C L6IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8 fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnC QkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/ yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZ JKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1C L6IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8 fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnC QkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/ yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit>
 (a)
<latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZ JKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1C L6IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8 fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnC QkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/ yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZ JKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1C L6IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8 fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnC QkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/ yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZ JKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1C L6IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8 fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnC QkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/ yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit><latexit sha1_base64="Z66LvWGNZCBh/hHVjEyMsTZ JKF8=">AAACynicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuCGxcuKtgHtEWS6bQdmheTiVCKO3/ArX6Y+Af6F94ZU1C L6IQkZ849587ce/0kEKlynNeCtbS8srpWXC9tbG5t75R391ppnEnGmywOYtnxvZQHIuJNJVTAO4nkXugHvO1PLnS8 fcdlKuLoRk0T3g+9USSGgnmKqHYvGYuqd3xbrjg1xyx7Ebg5qCBfjbj8gh4GiMGQIQRHBEU4gIeUni5cOEiI62NGnC QkTJzjHiXyZqTipPCIndB3RLtuzka01zlT42Z0SkCvJKeNI/LEpJOE9Wm2iWcms2Z/yz0zOfXdpvT381whsQpjYv/ yzZX/9elaFIY4NzUIqikxjK6O5Vky0xV9c/tLVYoyJMRpPKC4JMyMc95n23hSU7vurWfib0apWb1nuTbDu74lDdj9 Oc5F0DqpuYSvTyt1Jx91EQc4RJXmeYY6LtFA01T5iCc8W1eWtKbW7FNqFXLPPr4t6+EDryGRfg==</latexit>
co
u
n
ts
<latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit><latexit sha1_base64="cpvGBeyywDHWVYPOE/jDdghsjwA="></latexit>
ranked pairs
<latexit sha1_base64="G A6UB3bpjtdlsdM7p84gbqSNNG8=">AAAC2HicjVHLSsNA FD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkI pRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJc pzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90 XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY94N2DAUA+ ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v 1qPiCDvqI4CFFAI4QirAPhoSeK1ThICauiwlxkpAwcY4p CqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiP ElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp 2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2D PKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/xzkPmoe VKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvd WfefqVYu05TwbVkPH1IBlzs=</latexit><latexit sha1_base64="G A6UB3bpjtdlsdM7p84gbqSNNG8=">AAAC2HicjVHLSsNA FD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkI pRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJc pzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90 XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY94N2DAUA+ ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v 1qPiCDvqI4CFFAI4QirAPhoSeK1ThICauiwlxkpAwcY4p CqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiP ElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp 2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2D PKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/xzkPmoe VKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvd WfefqVYu05TwbVkPH1IBlzs=</latexit><latexit sha1_base64="G A6UB3bpjtdlsdM7p84gbqSNNG8=">AAAC2HicjVHLSsNA FD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkI pRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJc pzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90 XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY94N2DAUA+ ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v 1qPiCDvqI4CFFAI4QirAPhoSeK1ThICauiwlxkpAwcY4p CqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiP ElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp 2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2D PKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/xzkPmoe VKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvd WfefqVYu05TwbVkPH1IBlzs=</latexit><latexit sha1_base64="G A6UB3bpjtdlsdM7p84gbqSNNG8=">AAAC2HicjVHLSsNA FD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkI pRTciVt/wK1+kfgH+hfeGVNQi+iEJGfOvefM3Hvd2BeJc pzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90 XIG0oon7djyVng+rzljk51vHXDZSKi8EKNY94N2DAUA+ ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v 1qPiCDvqI4CFFAI4QirAPhoSeK1ThICauiwlxkpAwcY4p CqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiP ElYn2abeGqcNfub98R46ruN6e9mXgGxCtfE/qWbZf5Xp 2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2D PKWZ9to0lM7bq3zMTfTKZm9d7LclO861vSgKs/xzkPmoe VKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvd WfefqVYu05TwbVkPH1IBlzs=</latexit>
fr
ac
ti
on
of
p
ai
rs
<latexit sha1_base64="sZ9qbRK1+nXoDMMJo5YvGEWhZHk="></latexit><latexit sha1_base64="sZ9qbRK1+nXoDMMJo5YvGEWhZHk="></latexit><latexit sha1_base64="sZ9qbRK1+nXoDMMJo5YvGEWhZHk="></latexit><latexit sha1_base64="sZ9qbRK1+nXoDMMJo5YvGEWhZHk="></latexit>
at
d
is
ta
n
ce

d
<latexit sha1_base64="xDaNyee4vdDwZAm8MzciQiBCfQs="></latexit><latexit sha1_base64="xDaNyee4vdDwZAm8MzciQiBCfQs="></latexit><latexit sha1_base64="xDaNyee4vdDwZAm8MzciQiBCfQs="></latexit><latexit sha1_base64="xDaNyee4vdDwZAm8MzciQiBCfQs="></latexit>
co
n
se
rv
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i
<latexit sha1_base64="6cxLyF7QTxKALdJMjTvXtMYipFI="></latexit><latexit sha1_base64="6cxLyF7QTxKALdJMjTvXtMYipFI="></latexit><latexit sha1_base64="6cxLyF7QTxKALdJMjTvXtMYipFI="></latexit><latexit sha1_base64="6cxLyF7QTxKALdJMjTvXtMYipFI="></latexit>
ranked pairs
<latexit sha1_base64="GA6UB3bpjtdlsdM7p84gbqS NNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVN Qi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51 vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI4QirAPho SeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiPElYn2abeGqcNfub98R46ru N6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH1IBlz s=</latexit><latexit sha1_base64="GA6UB3bpjtdlsdM7p84gbqS NNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVN Qi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51 vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI4QirAPho SeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiPElYn2abeGqcNfub98R46ru N6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH1IBlz s=</latexit><latexit sha1_base64="GA6UB3bpjtdlsdM7p84gbqS NNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVN Qi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51 vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI4QirAPho SeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiPElYn2abeGqcNfub98R46ru N6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH1IBlz s=</latexit><latexit sha1_base64="GA6UB3bpjtdlsdM7p84gbqS NNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVN Qi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51 vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI4QirAPho SeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiPElYn2abeGqcNfub98R46ru N6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH1IBlz s=</latexit>
ranked pairs
<latexit sha1_base64="GA6UB3bpjtdlsdM7p84gbqS NNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVN Qi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51 vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI4QirAPho SeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiPElYn2abeGqcNfub98R46ru N6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH1IBlz s=</latexit><latexit sha1_base64="GA6UB3bpjtdlsdM7p84gbqS NNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVN Qi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51 vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI4QirAPho SeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiPElYn2abeGqcNfub98R46ru N6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH1IBlz s=</latexit><latexit sha1_base64="GA6UB3bpjtdlsdM7p84gbqS NNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVN Qi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51 vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI4QirAPho SeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiPElYn2abeGqcNfub98R46ru N6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH1IBlz s=</latexit><latexit sha1_base64="GA6UB3bpjtdlsdM7p84gbqS NNG8=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgqqQi6LLgxmUF+0BbyiSd1qF5MZkIpRTciVt/wK1+kfgH+hfeGVN Qi+iEJGfOvefM3Hvd2BeJcpzXnLWwuLS8kl8trK1vbG4Vt3eaSZRKjze8yI9k22UJ90XIG0oon7djyVng+rzljk51 vHXDZSKi8EKNY94N2DAUA+ExRVSvWJp0ZGBLFo54v2PHTMhk2iuWnYpjlj0PqhkoI1v1qPiCDvqI4CFFAI4QirAPho SeK1ThICauiwlxkpAwcY4pCqRNKYtTBiN2RN8h7a4yNqS99kyM2qNTfHolKW3skyaiPElYn2abeGqcNfub98R46ru N6e9mXgGxCtfE/qWbZf5Xp2tRGODE1CCoptgwujovc0lNV/TN7S9VKXKIidO4T3FJ2DPKWZ9to0lM7bq3zMTfTKZm 9d7LclO861vSgKs/xzkPmoeVKuHzo3LNyUadxy72cEDzPEYNZ6ijQd5jPOIJz9aldWvdWfefqVYu05TwbVkPH1IBlz s=</latexit>
co
n
se
rv
at
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i
<latexit sha1_base64="6cxLyF7QTxKALdJMjTvXtMYipFI="></latexit><latexit sha1_base64="6cxLyF7QTxKALdJMjTvXtMYipFI="></latexit><latexit sha1_base64="6cxLyF7QTxKALdJMjTvXtMYipFI="></latexit><latexit sha1_base64="6cxLyF7QTxKALdJMjTvXtMYipFI="></latexit>
F ⇤ =  300
<latexit sha1_base64="E 0mJiRCUqfIXm0McEfkvgCNcqOM=">AAACy3icjVHLSsNA FD2Nr1pfVZdugkUQwTJRQTdCQRA3QgX7gFolSac1NC8m E6FWl/6AW/0v8Q/0L7wzpqAW0QlJzpx7zp259zqx7yWSs decMTE5NT2Tny3MzS8sLhWXV+pJlAqX19zIj0TTsRPuey GvSU/6vBkLbgeOzxtO/0jFGzdcJF4UnstBzNuB3Qu9ru fakqjm8eXW4fYuY1fFEiszvcxxYGWghGxVo+ILLtBBBBc pAnCEkIR92EjoacECQ0xcG0PiBCFPxznuUSBvSipOCpvY Pn17tGtlbEh7lTPRbpdO8ekV5DSxQZ6IdIKwOs3U8VRnV uxvuYc6p7rbgP5OlisgVuKa2L98I+V/faoWiS4OdA0e1 RRrRlXnZllS3RV1c/NLVZIyxMQp3KG4IOxq56jPpvYkun bVW1vH37RSsWrvZtoU7+qWNGDr5zjHQX2nbBE+2ytVWDb qPNawjk2a5z4qOEEVNT3HRzzh2Tg1EuPWuPuUGrnMs4pv y3j4AJp7kQQ=</latexit><latexit sha1_base64="E 0mJiRCUqfIXm0McEfkvgCNcqOM=">AAACy3icjVHLSsNA FD2Nr1pfVZdugkUQwTJRQTdCQRA3QgX7gFolSac1NC8m E6FWl/6AW/0v8Q/0L7wzpqAW0QlJzpx7zp259zqx7yWSs decMTE5NT2Tny3MzS8sLhWXV+pJlAqX19zIj0TTsRPuey GvSU/6vBkLbgeOzxtO/0jFGzdcJF4UnstBzNuB3Qu9ru fakqjm8eXW4fYuY1fFEiszvcxxYGWghGxVo+ILLtBBBBc pAnCEkIR92EjoacECQ0xcG0PiBCFPxznuUSBvSipOCpvY Pn17tGtlbEh7lTPRbpdO8ekV5DSxQZ6IdIKwOs3U8VRnV uxvuYc6p7rbgP5OlisgVuKa2L98I+V/faoWiS4OdA0e1 RRrRlXnZllS3RV1c/NLVZIyxMQp3KG4IOxq56jPpvYkun bVW1vH37RSsWrvZtoU7+qWNGDr5zjHQX2nbBE+2ytVWDb qPNawjk2a5z4qOEEVNT3HRzzh2Tg1EuPWuPuUGrnMs4pv y3j4AJp7kQQ=</latexit><latexit sha1_base64="E 0mJiRCUqfIXm0McEfkvgCNcqOM=">AAACy3icjVHLSsNA FD2Nr1pfVZdugkUQwTJRQTdCQRA3QgX7gFolSac1NC8m E6FWl/6AW/0v8Q/0L7wzpqAW0QlJzpx7zp259zqx7yWSs decMTE5NT2Tny3MzS8sLhWXV+pJlAqX19zIj0TTsRPuey GvSU/6vBkLbgeOzxtO/0jFGzdcJF4UnstBzNuB3Qu9ru fakqjm8eXW4fYuY1fFEiszvcxxYGWghGxVo+ILLtBBBBc pAnCEkIR92EjoacECQ0xcG0PiBCFPxznuUSBvSipOCpvY Pn17tGtlbEh7lTPRbpdO8ekV5DSxQZ6IdIKwOs3U8VRnV uxvuYc6p7rbgP5OlisgVuKa2L98I+V/faoWiS4OdA0e1 RRrRlXnZllS3RV1c/NLVZIyxMQp3KG4IOxq56jPpvYkun bVW1vH37RSsWrvZtoU7+qWNGDr5zjHQX2nbBE+2ytVWDb qPNawjk2a5z4qOEEVNT3HRzzh2Tg1EuPWuPuUGrnMs4pv y3j4AJp7kQQ=</latexit><latexit sha1_base64="E 0mJiRCUqfIXm0McEfkvgCNcqOM=">AAACy3icjVHLSsNA FD2Nr1pfVZdugkUQwTJRQTdCQRA3QgX7gFolSac1NC8m E6FWl/6AW/0v8Q/0L7wzpqAW0QlJzpx7zp259zqx7yWSs decMTE5NT2Tny3MzS8sLhWXV+pJlAqX19zIj0TTsRPuey GvSU/6vBkLbgeOzxtO/0jFGzdcJF4UnstBzNuB3Qu9ru fakqjm8eXW4fYuY1fFEiszvcxxYGWghGxVo+ILLtBBBBc pAnCEkIR92EjoacECQ0xcG0PiBCFPxznuUSBvSipOCpvY Pn17tGtlbEh7lTPRbpdO8ekV5DSxQZ6IdIKwOs3U8VRnV uxvuYc6p7rbgP5OlisgVuKa2L98I+V/faoWiS4OdA0e1 RRrRlXnZllS3RV1c/NLVZIyxMQp3KG4IOxq56jPpvYkun bVW1vH37RSsWrvZtoU7+qWNGDr5zjHQX2nbBE+2ytVWDb qPNawjk2a5z4qOEEVNT3HRzzh2Tg1EuPWuPuUGrnMs4pv y3j4AJp7kQQ=</latexit>
F ⇤ =  350
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F ⇤ =  400
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FIG. S9: Varying the stability threshold F ∗ – Similar to Fig. 5 and Fig. 7 but considering only alignments produced under
both selection for exquisite discrimination and constraint for stability F (a, `0) < F
∗ (”discimination+stability”). The three
alignments are generated from a common sequence with F (a, `0) < −400 that is different from the ancestral sequence of
alignments in Fig. 5, and then evolved using different values of F ∗, as indicated on the top. In each case, a sector appears
as evolutionary conserved. Coevolving contacts are inferred in every case, although in larger number when the constraint for
stability is higher (F ∗ smaller).
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FIG. S10: Evolutionary conservation of the top 50 pairs returned by DCA for the three alignments of Fig. 5. In blue, distribution
of the conservation Di over all sites. In orange, distribution of Di over the 100 sites involved in the top 50 DCA pairs (sites
involved in multiple pairs are counted multiple times). Except for the extremely conserved sites of the alignment selected
for discrimination and stability (last graph), the two distributions are very similar. This indicates that the coevolving pairs
predicted by DCA are distributed all over the structure, independently of the sector inferred by SCA that corresponds to the
most conserved sites (Fig. 4).
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<latexit sha1_base64="VIu1B8EOiQpgomPAXSrmY1dSEf 4=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn 3njNz7/XTkEvluq8Fa2l5ZXWtuF7a2Nza3rF395oyyUTAGkESJqLte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3U TeMOYDHniKqJ5tT7sicrhiwhBy1rPLbsU1y1kE1RyUka96Yr+giz4SBMgQgSGGIhzCg6SngypcpMTdYEqcIMRNnGGGEmkz ymKU4RE7ou+Qdp2cjWmvPaVRB3RKSK8gpYMj0iSUJwjr0xwTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3TzzP/qdC0KA5ybGjj VlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNNLUrnvrmfibydSs3gd5boZ3fUsacPXnOBdB86RSJXx1Wq65+aiLOM AhjmmeZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</latexit><latexit sha1_base64="VIu1B8EOiQpgomPAXSrmY1dSEf 4=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn 3njNz7/XTkEvluq8Fa2l5ZXWtuF7a2Nza3rF395oyyUTAGkESJqLte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3U TeMOYDHniKqJ5tT7sicrhiwhBy1rPLbsU1y1kE1RyUka96Yr+giz4SBMgQgSGGIhzCg6SngypcpMTdYEqcIMRNnGGGEmkz ymKU4RE7ou+Qdp2cjWmvPaVRB3RKSK8gpYMj0iSUJwjr0xwTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3TzzP/qdC0KA5ybGjj VlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNNLUrnvrmfibydSs3gd5boZ3fUsacPXnOBdB86RSJXx1Wq65+aiLOM AhjmmeZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</latexit><latexit sha1_base64="VIu1B8EOiQpgomPAXSrmY1dSEf 4=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn 3njNz7/XTkEvluq8Fa2l5ZXWtuF7a2Nza3rF395oyyUTAGkESJqLte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3U TeMOYDHniKqJ5tT7sicrhiwhBy1rPLbsU1y1kE1RyUka96Yr+giz4SBMgQgSGGIhzCg6SngypcpMTdYEqcIMRNnGGGEmkz ymKU4RE7ou+Qdp2cjWmvPaVRB3RKSK8gpYMj0iSUJwjr0xwTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3TzzP/qdC0KA5ybGjj VlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNNLUrnvrmfibydSs3gd5boZ3fUsacPXnOBdB86RSJXx1Wq65+aiLOM AhjmmeZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</latexit><latexit sha1_base64="VIu1B8EOiQpgomPAXSrmY1dSEf 4=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn 3njNz7/XTkEvluq8Fa2l5ZXWtuF7a2Nza3rF395oyyUTAGkESJqLte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3U TeMOYDHniKqJ5tT7sicrhiwhBy1rPLbsU1y1kE1RyUka96Yr+giz4SBMgQgSGGIhzCg6SngypcpMTdYEqcIMRNnGGGEmkz ymKU4RE7ou+Qdp2cjWmvPaVRB3RKSK8gpYMj0iSUJwjr0xwTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3TzzP/qdC0KA5ybGjj VlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNNLUrnvrmfibydSs3gd5boZ3fUsacPXnOBdB86RSJXx1Wq65+aiLOM AhjmmeZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</latexit>
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<latexit sha1_base64="XtOJ1rOAPWrP/iGtUpW9Fuccv4 8=">AAACx3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFlwo7sK9gFtkWQ6bYcmmZBMiqW48Afc6p+Jf6B/4Z0xBbWITkhy5tx 7zsy9148DkSrHeS1YS8srq2vF9dLG5tb2Tnl3r5nKLGG8wWQgk7bvpTwQEW8ooQLejhPuhX7AW/74QsdbE56kQkY3ahrzXu gNIzEQzFOa6sYjcVuuOFXHLHsRuDmoIF91WX5BF31IMGQIwRFBEQ7gIaWnAxcOYuJ6mBGXEBImznGPEmkzyuKU4RE7pu+Q dp2cjWivPVOjZnRKQG9CShtHpJGUlxDWp9kmnhlnzf7mPTOe+m5T+vu5V0iswojYv3TzzP/qdC0KA5ybGgTVFBtGV8dyl8x 0Rd/c/lKVIoeYOI37FE8IM6Oc99k2mtTUrnvrmfibydSs3rM8N8O7viUN2P05zkXQPKm6hK9PKzUnH3URBzjEMc3zDDVcoo 4GeY/wiCc8W1eWtCbW3WeqVcg1+/i2rIcPkWOQrg==</latexit><latexit sha1_base64="XtOJ1rOAPWrP/iGtUpW9Fuccv4 8=">AAACx3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFlwo7sK9gFtkWQ6bYcmmZBMiqW48Afc6p+Jf6B/4Z0xBbWITkhy5tx 7zsy9148DkSrHeS1YS8srq2vF9dLG5tb2Tnl3r5nKLGG8wWQgk7bvpTwQEW8ooQLejhPuhX7AW/74QsdbE56kQkY3ahrzXu gNIzEQzFOa6sYjcVuuOFXHLHsRuDmoIF91WX5BF31IMGQIwRFBEQ7gIaWnAxcOYuJ6mBGXEBImznGPEmkzyuKU4RE7pu+Q dp2cjWivPVOjZnRKQG9CShtHpJGUlxDWp9kmnhlnzf7mPTOe+m5T+vu5V0iswojYv3TzzP/qdC0KA5ybGgTVFBtGV8dyl8x 0Rd/c/lKVIoeYOI37FE8IM6Oc99k2mtTUrnvrmfibydSs3rM8N8O7viUN2P05zkXQPKm6hK9PKzUnH3URBzjEMc3zDDVcoo 4GeY/wiCc8W1eWtCbW3WeqVcg1+/i2rIcPkWOQrg==</latexit><latexit sha1_base64="XtOJ1rOAPWrP/iGtUpW9Fuccv4 8=">AAACx3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFlwo7sK9gFtkWQ6bYcmmZBMiqW48Afc6p+Jf6B/4Z0xBbWITkhy5tx 7zsy9148DkSrHeS1YS8srq2vF9dLG5tb2Tnl3r5nKLGG8wWQgk7bvpTwQEW8ooQLejhPuhX7AW/74QsdbE56kQkY3ahrzXu gNIzEQzFOa6sYjcVuuOFXHLHsRuDmoIF91WX5BF31IMGQIwRFBEQ7gIaWnAxcOYuJ6mBGXEBImznGPEmkzyuKU4RE7pu+Q dp2cjWivPVOjZnRKQG9CShtHpJGUlxDWp9kmnhlnzf7mPTOe+m5T+vu5V0iswojYv3TzzP/qdC0KA5ybGgTVFBtGV8dyl8x 0Rd/c/lKVIoeYOI37FE8IM6Oc99k2mtTUrnvrmfibydSs3rM8N8O7viUN2P05zkXQPKm6hK9PKzUnH3URBzjEMc3zDDVcoo 4GeY/wiCc8W1eWtCbW3WeqVcg1+/i2rIcPkWOQrg==</latexit><latexit sha1_base64="XtOJ1rOAPWrP/iGtUpW9Fuccv4 8=">AAACx3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFlwo7sK9gFtkWQ6bYcmmZBMiqW48Afc6p+Jf6B/4Z0xBbWITkhy5tx 7zsy9148DkSrHeS1YS8srq2vF9dLG5tb2Tnl3r5nKLGG8wWQgk7bvpTwQEW8ooQLejhPuhX7AW/74QsdbE56kQkY3ahrzXu gNIzEQzFOa6sYjcVuuOFXHLHsRuDmoIF91WX5BF31IMGQIwRFBEQ7gIaWnAxcOYuJ6mBGXEBImznGPEmkzyuKU4RE7pu+Q dp2cjWivPVOjZnRKQG9CShtHpJGUlxDWp9kmnhlnzf7mPTOe+m5T+vu5V0iswojYv3TzzP/qdC0KA5ybGgTVFBtGV8dyl8x 0Rd/c/lKVIoeYOI37FE8IM6Oc99k2mtTUrnvrmfibydSs3rM8N8O7viUN2P05zkXQPKm6hK9PKzUnH3URBzjEMc3zDDVcoo 4GeY/wiCc8W1eWtCbW3WeqVcg1+/i2rIcPkWOQrg==</latexit>
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FIG. S11: Evolution of a stable and discriminating system – First, the system is evolved by Metropolis Monte Carlo with
selection for thermal stability, using −F (a, `0) as fitness function. The iterations are stopped as soon as the required minimal
stability, here F (a, `0) < F
∗ = −350, is reached (red dotted lines). T = 1000 additional iterations are then performed with
selection for discrimination and constraint on stability, using φ(a) as fitness function and excluding any mutation leading to
F (a, `0) > F
∗. A. Evolution of F (a, `0). B. Evolution of φ(a). The end-point of this evolution is the system characterized in
the second column of Fig. 4, which serves as the common ancestral sequence for the three alignments of Fig. 5.
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<latexit sha1_ base64="XtOJ1rOAPWrP/iGtUpW9 Fuccv48=">AAACx3icjVHLSsNAFD 2Nr1pfVZdugkVwVRIRdFlwo7sK9 gFtkWQ6bYcmmZBMiqW48Afc6p+Jf 6B/4Z0xBbWITkhy5tx7zsy9148D kSrHeS1YS8srq2vF9dLG5tb2Tnl3 r5nKLGG8wWQgk7bvpTwQEW8ooQLe jhPuhX7AW/74QsdbE56kQkY3ahr zXugNIzEQzFOa6sYjcVuuOFXHLHs RuDmoIF91WX5BF31IMGQIwRFBEQ7 gIaWnAxcOYuJ6mBGXEBImznGPEm kzyuKU4RE7pu+Qdp2cjWivPVOjZn RKQG9CShtHpJGUlxDWp9kmnhlnzf 7mPTOe+m5T+vu5V0iswojYv3Tzz P/qdC0KA5ybGgTVFBtGV8dyl8x0R d/c/lKVIoeYOI37FE8IM6Oc99k2 mtTUrnvrmfibydSs3rM8N8O7viUN 2P05zkXQPKm6hK9PKzUnH3URBzjE Mc3zDDVcoo4GeY/wiCc8W1eWtCb W3WeqVcg1+/i2rIcPkWOQrg==</l atexit><latexit sha1_ base64="XtOJ1rOAPWrP/iGtUpW9 Fuccv48=">AAACx3icjVHLSsNAFD 2Nr1pfVZdugkVwVRIRdFlwo7sK9 gFtkWQ6bYcmmZBMiqW48Afc6p+Jf 6B/4Z0xBbWITkhy5tx7zsy9148D kSrHeS1YS8srq2vF9dLG5tb2Tnl3 r5nKLGG8wWQgk7bvpTwQEW8ooQLe jhPuhX7AW/74QsdbE56kQkY3ahr zXugNIzEQzFOa6sYjcVuuOFXHLHs RuDmoIF91WX5BF31IMGQIwRFBEQ7 gIaWnAxcOYuJ6mBGXEBImznGPEm kzyuKU4RE7pu+Qdp2cjWivPVOjZn RKQG9CShtHpJGUlxDWp9kmnhlnzf 7mPTOe+m5T+vu5V0iswojYv3Tzz P/qdC0KA5ybGgTVFBtGV8dyl8x0R d/c/lKVIoeYOI37FE8IM6Oc99k2 mtTUrnvrmfibydSs3rM8N8O7viUN 2P05zkXQPKm6hK9PKzUnH3URBzjE Mc3zDDVcoo4GeY/wiCc8W1eWtCb W3WeqVcg1+/i2rIcPkWOQrg==</l atexit><latexit sha1_ base64="XtOJ1rOAPWrP/iGtUpW9 Fuccv48=">AAACx3icjVHLSsNAFD 2Nr1pfVZdugkVwVRIRdFlwo7sK9 gFtkWQ6bYcmmZBMiqW48Afc6p+Jf 6B/4Z0xBbWITkhy5tx7zsy9148D kSrHeS1YS8srq2vF9dLG5tb2Tnl3 r5nKLGG8wWQgk7bvpTwQEW8ooQLe jhPuhX7AW/74QsdbE56kQkY3ahr zXugNIzEQzFOa6sYjcVuuOFXHLHs RuDmoIF91WX5BF31IMGQIwRFBEQ7 gIaWnAxcOYuJ6mBGXEBImznGPEm kzyuKU4RE7pu+Qdp2cjWivPVOjZn RKQG9CShtHpJGUlxDWp9kmnhlnzf 7mPTOe+m5T+vu5V0iswojYv3Tzz P/qdC0KA5ybGgTVFBtGV8dyl8x0R d/c/lKVIoeYOI37FE8IM6Oc99k2 mtTUrnvrmfibydSs3rM8N8O7viUN 2P05zkXQPKm6hK9PKzUnH3URBzjE Mc3zDDVcoo4GeY/wiCc8W1eWtCb W3WeqVcg1+/i2rIcPkWOQrg==</l atexit><latexit sha1_ base64="XtOJ1rOAPWrP/iGtUpW9 Fuccv48=">AAACx3icjVHLSsNAFD 2Nr1pfVZdugkVwVRIRdFlwo7sK9 gFtkWQ6bYcmmZBMiqW48Afc6p+Jf 6B/4Z0xBbWITkhy5tx7zsy9148D kSrHeS1YS8srq2vF9dLG5tb2Tnl3 r5nKLGG8wWQgk7bvpTwQEW8ooQLe jhPuhX7AW/74QsdbE56kQkY3ahr zXugNIzEQzFOa6sYjcVuuOFXHLHs RuDmoIF91WX5BF31IMGQIwRFBEQ7 gIaWnAxcOYuJ6mBGXEBImznGPEm kzyuKU4RE7pu+Qdp2cjWivPVOjZn RKQG9CShtHpJGUlxDWp9kmnhlnzf 7mPTOe+m5T+vu5V0iswojYv3Tzz P/qdC0KA5ybGgTVFBtGV8dyl8x0R d/c/lKVIoeYOI37FE8IM6Oc99k2 mtTUrnvrmfibydSs3rM8N8O7viUN 2P05zkXQPKm6hK9PKzUnH3URBzjE Mc3zDDVcoo4GeY/wiCc8W1eWtCb W3WeqVcg1+/i2rIcPkWOQrg==</l atexit>
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<latexit sha1_base64="vbPfGv eGMoh4GrytB+0ORwOG4HY=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkV wVRIRdFnQhcsK9gG2hEk6bYemSUgmhVK6E7f+gFv9JfEP9C+8M6agFtE JSc6ce8+Zufd6cSBSaduvBWNpeWV1rbhe2tjc2t4xd/caaZQlPq/7UR AlLY+lPBAhr0shA96KE85GXsCb3vBCxZtjnqQiCm/kJOadEeuHoid8J olyTbN9yQPJ3ClzxawdD4Rrlu2KrZe1CJwclJGvWmS+oI0uIvjIMAJH CEk4AENKzy0c2IiJ62BKXEJI6DjHDCXSZpTFKYMRO6Rvn3a3ORvSXnmm Wu3TKQG9CSktHJEmoryEsDrN0vFMOyv2N++p9lR3m9Dfy71GxEoMiP1 LN8/8r07VItHDua5BUE2xZlR1fu6S6a6om1tfqpLkEBOncJfiCWFfK+ d9trQm1bWr3jIdf9OZilV7P8/N8K5uSQN2fo5zETROKg7h69Ny1c5HXc QBDnFM8zxDFVeooU7eYzziCc9G05gZd8b9Z6pRyDX7+LaMhw9s3ZYd< /latexit><latexit sha1_base64="vbPfGv eGMoh4GrytB+0ORwOG4HY=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkV wVRIRdFnQhcsK9gG2hEk6bYemSUgmhVK6E7f+gFv9JfEP9C+8M6agFtE JSc6ce8+Zufd6cSBSaduvBWNpeWV1rbhe2tjc2t4xd/caaZQlPq/7UR AlLY+lPBAhr0shA96KE85GXsCb3vBCxZtjnqQiCm/kJOadEeuHoid8J olyTbN9yQPJ3ClzxawdD4Rrlu2KrZe1CJwclJGvWmS+oI0uIvjIMAJH CEk4AENKzy0c2IiJ62BKXEJI6DjHDCXSZpTFKYMRO6Rvn3a3ORvSXnmm Wu3TKQG9CSktHJEmoryEsDrN0vFMOyv2N++p9lR3m9Dfy71GxEoMiP1 LN8/8r07VItHDua5BUE2xZlR1fu6S6a6om1tfqpLkEBOncJfiCWFfK+ d9trQm1bWr3jIdf9OZilV7P8/N8K5uSQN2fo5zETROKg7h69Ny1c5HXc QBDnFM8zxDFVeooU7eYzziCc9G05gZd8b9Z6pRyDX7+LaMhw9s3ZYd< /latexit><latexit sha1_base64="vbPfGv eGMoh4GrytB+0ORwOG4HY=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkV wVRIRdFnQhcsK9gG2hEk6bYemSUgmhVK6E7f+gFv9JfEP9C+8M6agFtE JSc6ce8+Zufd6cSBSaduvBWNpeWV1rbhe2tjc2t4xd/caaZQlPq/7UR AlLY+lPBAhr0shA96KE85GXsCb3vBCxZtjnqQiCm/kJOadEeuHoid8J olyTbN9yQPJ3ClzxawdD4Rrlu2KrZe1CJwclJGvWmS+oI0uIvjIMAJH CEk4AENKzy0c2IiJ62BKXEJI6DjHDCXSZpTFKYMRO6Rvn3a3ORvSXnmm Wu3TKQG9CSktHJEmoryEsDrN0vFMOyv2N++p9lR3m9Dfy71GxEoMiP1 LN8/8r07VItHDua5BUE2xZlR1fu6S6a6om1tfqpLkEBOncJfiCWFfK+ d9trQm1bWr3jIdf9OZilV7P8/N8K5uSQN2fo5zETROKg7h69Ny1c5HXc QBDnFM8zxDFVeooU7eYzziCc9G05gZd8b9Z6pRyDX7+LaMhw9s3ZYd< /latexit><latexit sha1_base64="vbPfGv eGMoh4GrytB+0ORwOG4HY=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkV wVRIRdFnQhcsK9gG2hEk6bYemSUgmhVK6E7f+gFv9JfEP9C+8M6agFtE JSc6ce8+Zufd6cSBSaduvBWNpeWV1rbhe2tjc2t4xd/caaZQlPq/7UR AlLY+lPBAhr0shA96KE85GXsCb3vBCxZtjnqQiCm/kJOadEeuHoid8J olyTbN9yQPJ3ClzxawdD4Rrlu2KrZe1CJwclJGvWmS+oI0uIvjIMAJH CEk4AENKzy0c2IiJ62BKXEJI6DjHDCXSZpTFKYMRO6Rvn3a3ORvSXnmm Wu3TKQG9CSktHJEmoryEsDrN0vFMOyv2N++p9lR3m9Dfy71GxEoMiP1 LN8/8r07VItHDua5BUE2xZlR1fu6S6a6om1tfqpLkEBOncJfiCWFfK+ d9trQm1bWr3jIdf9OZilV7P8/N8K5uSQN2fo5zETROKg7h69Ny1c5HXc QBDnFM8zxDFVeooU7eYzziCc9G05gZd8b9Z6pRyDX7+LaMhw9s3ZYd< /latexit>
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<latexit sha1_base64="VIu1B8 EOiQpgomPAXSrmY1dSEf4=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkV wVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohO SnDn3njNz7/XTkEvluq8Fa2l5ZXWtuF7a2Nza3rF395oyyUTAGkESJq Lte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3UTeMOYDHniKq J5tT7sicrhiwhBy1rPLbsU1y1kE1RyUka96Yr+giz4SBMgQgSGGIhzC g6SngypcpMTdYEqcIMRNnGGGEmkzymKU4RE7ou+Qdp2cjWmvPaVRB3RK SK8gpYMj0iSUJwjr0xwTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3TzzP/ qdC0KA5ybGjjVlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNN LUrnvrmfibydSs3gd5boZ3fUsacPXnOBdB86RSJXx1Wq65+aiLOMAhjm meZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</lat exit><latexit sha1_base64="VIu1B8 EOiQpgomPAXSrmY1dSEf4=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkV wVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohO SnDn3njNz7/XTkEvluq8Fa2l5ZXWtuF7a2Nza3rF395oyyUTAGkESJq Lte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3UTeMOYDHniKq J5tT7sicrhiwhBy1rPLbsU1y1kE1RyUka96Yr+giz4SBMgQgSGGIhzC g6SngypcpMTdYEqcIMRNnGGGEmkzymKU4RE7ou+Qdp2cjWmvPaVRB3RK SK8gpYMj0iSUJwjr0xwTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3TzzP/ qdC0KA5ybGjjVlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNN LUrnvrmfibydSs3gd5boZ3fUsacPXnOBdB86RSJXx1Wq65+aiLOMAhjm meZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</lat exit><latexit sha1_base64="VIu1B8 EOiQpgomPAXSrmY1dSEf4=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkV wVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohO SnDn3njNz7/XTkEvluq8Fa2l5ZXWtuF7a2Nza3rF395oyyUTAGkESJq Lte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3UTeMOYDHniKq J5tT7sicrhiwhBy1rPLbsU1y1kE1RyUka96Yr+giz4SBMgQgSGGIhzC g6SngypcpMTdYEqcIMRNnGGGEmkzymKU4RE7ou+Qdp2cjWmvPaVRB3RK SK8gpYMj0iSUJwjr0xwTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3TzzP/ qdC0KA5ybGjjVlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNN LUrnvrmfibydSs3gd5boZ3fUsacPXnOBdB86RSJXx1Wq65+aiLOMAhjm meZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</lat exit><latexit sha1_base64="VIu1B8 EOiQpgomPAXSrmY1dSEf4=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkV wVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohO SnDn3njNz7/XTkEvluq8Fa2l5ZXWtuF7a2Nza3rF395oyyUTAGkESJq Lte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3UTeMOYDHniKq J5tT7sicrhiwhBy1rPLbsU1y1kE1RyUka96Yr+giz4SBMgQgSGGIhzC g6SngypcpMTdYEqcIMRNnGGGEmkzymKU4RE7ou+Qdp2cjWmvPaVRB3RK SK8gpYMj0iSUJwjr0xwTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3TzzP/ qdC0KA5ybGjjVlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNN LUrnvrmfibydSs3gd5boZ3fUsacPXnOBdB86RSJXx1Wq65+aiLOMAhjm meZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</lat exit>
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<latexit sha1_base64="VIu1B8EOiQpgomPAXSrmY1dSEf4=">AAAC 1XicjVHLSsNAFD2Nr1pfUZdugkVwVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn3njNz7/XTkEvluq8Fa2l5ZX WtuF7a2Nza3rF395oyyUTAGkESJqLte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3UTeMOYDHniKqJ5tT7sicrhiwhBy1rPLbsU1y1kE1 RyUka96Yr+giz4SBMgQgSGGIhzCg6SngypcpMTdYEqcIMRNnGGGEmkzymKU4RE7ou+Qdp2cjWmvPaVRB3RKSK8gpYMj0iSUJwjr0xwTz4yzZn/ znhpPfbcJ/f3cKyJW4ZbYv3TzzP/qdC0KA5ybGjjVlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNNLUrnvrmfibydSs3gd5boZ3fUsacP XnOBdB86RSJXx1Wq65+aiLOMAhjmmeZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</latexit><latexit sha1_base64="VIu1B8EOiQpgomPAXSrmY1dSEf4=">AAAC 1XicjVHLSsNAFD2Nr1pfUZdugkVwVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn3njNz7/XTkEvluq8Fa2l5ZX WtuF7a2Nza3rF395oyyUTAGkESJqLte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3UTeMOYDHniKqJ5tT7sicrhiwhBy1rPLbsU1y1kE1 RyUka96Yr+giz4SBMgQgSGGIhzCg6SngypcpMTdYEqcIMRNnGGGEmkzymKU4RE7ou+Qdp2cjWmvPaVRB3RKSK8gpYMj0iSUJwjr0xwTz4yzZn/ znhpPfbcJ/f3cKyJW4ZbYv3TzzP/qdC0KA5ybGjjVlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNNLUrnvrmfibydSs3gd5boZ3fUsacP XnOBdB86RSJXx1Wq65+aiLOMAhjmmeZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</latexit><latexit sha1_base64="VIu1B8EOiQpgomPAXSrmY1dSEf4=">AAAC 1XicjVHLSsNAFD2Nr1pfUZdugkVwVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn3njNz7/XTkEvluq8Fa2l5ZX WtuF7a2Nza3rF395oyyUTAGkESJqLte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3UTeMOYDHniKqJ5tT7sicrhiwhBy1rPLbsU1y1kE1 RyUka96Yr+giz4SBMgQgSGGIhzCg6SngypcpMTdYEqcIMRNnGGGEmkzymKU4RE7ou+Qdp2cjWmvPaVRB3RKSK8gpYMj0iSUJwjr0xwTz4yzZn/ znhpPfbcJ/f3cKyJW4ZbYv3TzzP/qdC0KA5ybGjjVlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNNLUrnvrmfibydSs3gd5boZ3fUsacP XnOBdB86RSJXx1Wq65+aiLOMAhjmmeZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</latexit><latexit sha1_base64="VIu1B8EOiQpgomPAXSrmY1dSEf4=">AAAC 1XicjVHLSsNAFD2Nr1pfUZdugkVwVVIRdFlw47KCfUArJUmndWhezEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn3njNz7/XTkEvluq8Fa2l5ZX WtuF7a2Nza3rF395oyyUTAGkESJqLte5KFPGYNxVXI2qlgXuSHrOWPLnS8NWZC8iS+VpOU3UTeMOYDHniKqJ5tT7sicrhiwhBy1rPLbsU1y1kE1 RyUka96Yr+giz4SBMgQgSGGIhzCg6SngypcpMTdYEqcIMRNnGGGEmkzymKU4RE7ou+Qdp2cjWmvPaVRB3RKSK8gpYMj0iSUJwjr0xwTz4yzZn/ znhpPfbcJ/f3cKyJW4ZbYv3TzzP/qdC0KA5ybGjjVlBpGVxfkLpnpir6586UqRQ4pcRr3KS4IB0Y577NjNNLUrnvrmfibydSs3gd5boZ3fUsacP XnOBdB86RSJXx1Wq65+aiLOMAhjmmeZ6jhEnU0yHuMRzzh2WpZM+vOuv9MtQq5Zh/flvXwAeTelk8=</latexit>
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 ai aj 
<latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit><latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit><latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit><latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit>
 ai aj 
<latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit><latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit><latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit><latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit>
 ai aj 
<latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit><latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit><latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit><latexit sha1_base64="+ZpNhjudQ8fy8r50MDq3WxhP4Ac=">AAAC 4XicjVHLSsNAFD3GV31HXeoiWARXJRFBlwVduKxgW8FKmUyndjQvkolQSjfu3Ilbf8Ct/oz4B/oX3hkjvhCdkOTMufecmXuvnwQyU677NGKNjo 1PTJampmdm5+YX7MWlRhbnKRd1HgdxeuSzTAQyEnUlVSCOklSw0A9E0z/f1fHmhUgzGUeHqp+Ik5CdRrIrOVNEte3V1p4IFGsPWFsOP/DZsJX0Z NsuuxXXLOcn8ApQRrFqsf2IFjqIwZEjhEAERTgAQ0bPMTy4SIg7wYC4lJA0cYEhpkmbU5agDEbsOX1PaXdcsBHttWdm1JxOCehNSelgnTQx5aW E9WmOiefGWbO/eQ+Mp75bn/5+4RUSq9Aj9i/de+Z/dboWhS52TA2SakoMo6vjhUtuuqJv7nyqSpFDQpzGHYqnhLlRvvfZMZrM1K57y0z82WRqVu 95kZvjRd+SBux9H+dP0NiseIQPtspVtxh1CStYwwbNcxtV7KOGOnlf4g73eLC4dWVdWzdvqdZIoVnGl2XdvgL0EZtc</latexit>
[see Fig. S9]
<latexit sha1_base64="gk4e1HkXHC47LnydHggtNWcrQ5o=">AAAC2nicj VHLSsNAFD3Gd31FxZWbYBFclUQEdVcUxGVF2wpNKUkc62BeTCZCCW7ciVt/wK1+kPgH+hfeGVPwgeiEJGfOvefM3Hv9NOSZtO2XEWN0bHxicmq6MjM7N79gL i61siQXAWsGSZiIU9/LWMhj1pRchuw0FcyL/JC1/ct9FW9fMZHxJD6Rg5R1I68f83MeeJKonrlSuCKyOhljrnXA+zXXOt7tXvfMql2z9bJ+AqcEVZSrkZjPc HGGBAFyRGCIIQmH8JDR04EDGylxXRTECUJcxxmuUSFtTlmMMjxiL+nbp12nZGPaK89MqwM6JaRXkNLCOmkSyhOE1WmWjufaWbG/eRfaU91tQH+/9IqIlbgg9i /dMPO/OlWLxDl2dA2cako1o6oLSpdcd0Xd3PpUlSSHlDiFzyguCAdaOeyzpTWZrl311tPxV52pWLUPytwcb+qWNGDn+zh/gtZmzSF8tFWt75WjnsIq1rBB89 xGHYdooEneBR7wiCfDNW6MW+PuI9UYKTXL+LKM+3fm4pcO</latexit><latexit sha1_base64="gk4e1HkXHC47LnydHggtNWcrQ5o=">AAAC2nicj VHLSsNAFD3Gd31FxZWbYBFclUQEdVcUxGVF2wpNKUkc62BeTCZCCW7ciVt/wK1+kPgH+hfeGVPwgeiEJGfOvefM3Hv9NOSZtO2XEWN0bHxicmq6MjM7N79gL i61siQXAWsGSZiIU9/LWMhj1pRchuw0FcyL/JC1/ct9FW9fMZHxJD6Rg5R1I68f83MeeJKonrlSuCKyOhljrnXA+zXXOt7tXvfMql2z9bJ+AqcEVZSrkZjPc HGGBAFyRGCIIQmH8JDR04EDGylxXRTECUJcxxmuUSFtTlmMMjxiL+nbp12nZGPaK89MqwM6JaRXkNLCOmkSyhOE1WmWjufaWbG/eRfaU91tQH+/9IqIlbgg9i /dMPO/OlWLxDl2dA2cako1o6oLSpdcd0Xd3PpUlSSHlDiFzyguCAdaOeyzpTWZrl311tPxV52pWLUPytwcb+qWNGDn+zh/gtZmzSF8tFWt75WjnsIq1rBB89 xGHYdooEneBR7wiCfDNW6MW+PuI9UYKTXL+LKM+3fm4pcO</latexit><latexit sha1_base64="gk4e1HkXHC47LnydHggtNWcrQ5o=">AAAC2nicj VHLSsNAFD3Gd31FxZWbYBFclUQEdVcUxGVF2wpNKUkc62BeTCZCCW7ciVt/wK1+kPgH+hfeGVPwgeiEJGfOvefM3Hv9NOSZtO2XEWN0bHxicmq6MjM7N79gL i61siQXAWsGSZiIU9/LWMhj1pRchuw0FcyL/JC1/ct9FW9fMZHxJD6Rg5R1I68f83MeeJKonrlSuCKyOhljrnXA+zXXOt7tXvfMql2z9bJ+AqcEVZSrkZjPc HGGBAFyRGCIIQmH8JDR04EDGylxXRTECUJcxxmuUSFtTlmMMjxiL+nbp12nZGPaK89MqwM6JaRXkNLCOmkSyhOE1WmWjufaWbG/eRfaU91tQH+/9IqIlbgg9i /dMPO/OlWLxDl2dA2cako1o6oLSpdcd0Xd3PpUlSSHlDiFzyguCAdaOeyzpTWZrl311tPxV52pWLUPytwcb+qWNGDn+zh/gtZmzSF8tFWt75WjnsIq1rBB89 xGHYdooEneBR7wiCfDNW6MW+PuI9UYKTXL+LKM+3fm4pcO</latexit><latexit sha1_base64="gk4e1HkXHC47LnydHggtNWcrQ5o=">AAAC2nicj VHLSsNAFD3Gd31FxZWbYBFclUQEdVcUxGVF2wpNKUkc62BeTCZCCW7ciVt/wK1+kPgH+hfeGVPwgeiEJGfOvefM3Hv9NOSZtO2XEWN0bHxicmq6MjM7N79gL i61siQXAWsGSZiIU9/LWMhj1pRchuw0FcyL/JC1/ct9FW9fMZHxJD6Rg5R1I68f83MeeJKonrlSuCKyOhljrnXA+zXXOt7tXvfMql2z9bJ+AqcEVZSrkZjPc HGGBAFyRGCIIQmH8JDR04EDGylxXRTECUJcxxmuUSFtTlmMMjxiL+nbp12nZGPaK89MqwM6JaRXkNLCOmkSyhOE1WmWjufaWbG/eRfaU91tQH+/9IqIlbgg9i /dMPO/OlWLxDl2dA2cako1o6oLSpdcd0Xd3PpUlSSHlDiFzyguCAdaOeyzpTWZrl311tPxV52pWLUPytwcb+qWNGDn+zh/gtZmzSF8tFWt75WjnsIq1rBB89 xGHYdooEneBR7wiCfDNW6MW+PuI9UYKTXL+LKM+3fm4pcO</latexit>
FIG. S12: Further characterization of the 5 systems presented in Fig. 4 – A. Evolution of the fitness φ(a) as a function of
the number of iterations in the Metropolis Monte Carlo algorithm. The systems presented in Fig. 4 are the end-point of these
trajectories (T = 1000). The initial conditions are random sequences, except for the second system (ω¯r = 0.11), which, for the
purpose of Fig. 5, is started from a stable sequence satisfying F (a, `0) < F
∗ = −350 (Fig. 11). All systems converge to φ ' 0.4,
near the theoretical maximum maxa φ(a) = 0.41, although with different extensions ω¯r of their sector. B. Distributions of
mutational effects ∆aiφ when considering all (q − 1)W (L+ 1) = 275 possible single mutations. In Fig. 4, the sizes of the blue
dots in the last row indicate for each i the mean value of ∆aiφ over the q−1 possible mutations. The distributions share a peak
around 0 (neutral mutations) and a more or less extended negative tail, commensurate with ω¯r. The peak around ∆aiφ ' −2.4
that is observed in some cases corresponds to mutants that are effectively equivalent to a single-spin model with a′ = 0, in
which case φ(a′) = min(|`r|,−|`w|) = −`w = −2.
